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Abstract 



Let n ^ 4, and let B„(S^) denote the n-string braid group of the sphere. In /IGG5I/ , we showed 
that the isomorphism classes of the maximal finite subgroups o/B„(S^) are comprised of cyclic, 
dicyclic (or generalised quaternion) and binary polyhedral groups. In this paper, we study 
the infinite virtually cyclic groups of Bn{^^), which are in some sense, its 'simplest' infinite 
subgroups. As well as helping to understand the structure of the group Bn{S^), the knowledge 
of its virtually cyclic subgroups is a vital step in the calculation of the lower algebraic K-theory 
of the group ring o/B„(S^) over Z, via the Farr ell-] ones fibred isomorphism conjecture i |G/M] /. 

The main result of this manuscript is to classify, with a finite number of exceptions and 
up to isomorphism, the virtually cyclic subgroups of Bn{S^). As corollaries, we obtain the 
complete classification of the virtually cyclic subgroups of Bni^^) when n is either odd, or is 
even and sufficiently large. Using the close relationship between Bni^^) and the mapping class 
group AiCQ{S^,n) of the n-punctured sphere, another consequence is the classification (with 
a finite number of exceptions) of the isomorphism classes of the virtually cyclic subgroups of 
MCG{S^,n). 

The proof of the main theorem is divided into two parts: the reduction of a list of possible 
candidates for the virtually cyclic subgroups of Bn{S'^) obtained using a general result due to 
Epstein and Wall to an almost optimal family V(n) of virtually cyclic groups; and the realisation 
of all but a finite number of elements o/V(n). The first part makes use of a number of techniques, 
notably the study of the periodicity and the outer automorphism groups of the finite subgroups 
ofBn and the analysis of the conjugacy classes of the finite order elements of By, (S^). In the 
second part, we construct subgroups ofBn (S^) isomorphic to the elements ofY{n) using mainly 
an algebraic point of view that is strongly inspired by geometric observations, as well as explicit 
geometric constructions in AiCQ{§'^,n) which we translate to B„(S^). 

In order to classify the isomorphism classes of the virtually cyclic subgroups o/Bn(§^), we 
obtain a number of results that we believe are interesting in their own right, notably the char- 
acterisation of the centralisers and normalisers of the maximal cyclic and dicyclic subgroups of 
B„(S^), a generalisation to B„ (S^) of a result due to Hodgkinfor the mapping class group of the 
punctured sphere concerning conjugate powers of torsion elements, the study of the isomorph- 
ism classes of those virtually cyclic groups of B„(S^) that appear as amalgamated products, as 
well as an alternative proof of a result due to /IBCPi iFZl f that the universal covering of the n^^ 
configuration space ofS^, n ^ 3, has the homotopy type ofS^. 
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Introduction and statement of the main 
results 



The braid groups B„ of the plane were introduced by E. Artin in 1925 and further stud- 
ied in 1947 | |AH , IA21 . They were later generalised by Fox to braid groups of arbitrary 



topological spaces via the following definition [FoNj]. Let M be a compact, connected 
surface, and let n e N. We denote the set of all ordered n-tuples of distinct points of M, 
known as the n configuration space of M, by: 

F„(M) = {(pi,. . .,p„) I Pf G M and p, 7^ py Hi ^ j] . 

Configuration spaces play an important role in several branches of mathematics and 
have been extensively studied, see | |BillCG[IFHllHn| for example. 

The symmetric group Sn on n letters acts freely on f„ (M) by permuting coordinates. 
The corresponding quotient space f „ (M) / S„ will be denoted by D„ (M) . The n -pure braid 
group Pn{M) (respectively the n braid group B„(M)) is defined to be the fundamental 
group of Fn{M) (respectively of D„(M)). 

Together with the real projective plane RP^, the braid groups of the 2-sphere are 
of particular interest, notably because they have non-trivial centre IIGVBi IGGlll , and 
torsion elements [VBl IMu| . Indeed, Fadell and Van Buskirk showed that among the 
braid groups of compact, connected surfaces, B„(§^) and Bn(RP^) are the only ones to 
have torsion [FVBirVBj l. Let us recall briefly some of the properties of B„ (S^) [iFVBilGVBl 



IVBJ . 

If Q is a topological disc, there is a homomorphism l : Bn — > Bn (§^) induced 
by the inclusion. If j6 e B„ then we shall denote its image simply by /3. Then B„(S^) 
is generated by (7i, . . . , (r„_i which are subject to the following relations: 

djO-j = if |z — y| ^2 and 1 ^ z,/ ^ n — 1 (1) 
CTidij^iCTi = (Tj+x (7, for all 1 ^ z ^ n — 2, and (2) 
• • • (r„_2(r^_^(r„_2 ■■■ai = l. (3) 

Consequently, B„(S^) is a quotient of B„. The first three sphere braid groups are finite: 
Bi(§^) is trivial, B2(S^) is cyclic of order 2, and B^{E>'^) is a ZS-metacyclic group (a group 
whose Sylow subgroups, commutator subgroup and commutator quotient group are 
all cyclic) of order 12, isomorphic to the semi-direct product Z3 x Z4 of cyclic groups, 
the action being the non-trivial one. For n 5^ 4, B„(S^) is infinite. The Abelianisation of 
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B„(S^) is isomorphic to the cyclic group Z2(„_i). The kernel of the associated projection 

^: B„(S^) — > Z2(„_i) 

aj I — 1 f or all 1 ^ z ^ n — 1 

is the commutator subgroup T2 (Bn(S^)). If w g Bn(S^) then ^{w) is the exponent sum 
(relative to the (7;) of w modulo 2(n — 1). Further, we have a natural short exact sequence 

1 ^ P„(S2) ^ B„(S2) ^ S„ ^ 1, (5) 

TT being the homomorphism that sends Cj to the transposition (i, i + 1). 

Gillette and Van Buskirk showed that if n ^ 3 and k eN then B„(§^) has an element 
of order k if and only if k divides one of 2n, 2 (n — 1) or 2 (n — 2) IIGVBI . The torsion 
elements of B„(S2) and B„(Mp2) were later characterised by Murasugi: 

Theorem 1 (Murasugi [IMuJ). Let n ^ 3. Then up to conjugacy, the torsion elements of 
Bni^"^) are precisely the powers of the following three elements: 

(a) oiQ = a\ - ■ ■ (7„_2C7-„_i (of order In). 

(b) Di\ = a\ - ■ ■ (Tn-iO'n-i (of Order 2{n - 1)). 

(c) ^2 = • • • (7„_3(72_2 (of order 2(n - 2)). 

So the maximal finite cyclic subgroups of B„(S^) are isomorphic to Z2„, '^2{n-i) 
or 1^i(n-T)- In IIGG3 II, we showed that B„(§^) is generated by clq and c<.\. Let A^, = 
((Ti • • • (Tn-^T denote the so-called 'full twist' braid of B„(§^). lfn^3, A^ is the unique 
element of B„(§^) of order 2, and it generates the centre of B„(S^). It is also the square 
of the 'half twist' element defined by: 

A„ = ((Ti • • • (r„_i)((ri • • • (Tn-i) ■ ■ ■ {(TiCTiyi. (6) 

It is well known that: 

A„(r,A~^ = (r„_; for all z = 1, . . . ,n - 1. (7) 

The uniqueness of the element of order 2 in B„(S^) implies that the three elements ixq, 
ai and 0.2 are respectively n, {n — 1) and (n — 2) roots of A^, and this yields the useful 
relation: 

Al=Oi'^~' for all ZG {0,1,2}. (8) 

In what follows, if m ^ 2, Dic4m will denote the dicyclic group of order 4m. It admits a 
presentation of the form 



x,y 



= y\ yxy-' = x'' ) . (9) 



If in addition m is a power of 2 then we will also refer to the dicyclic group of order 
4m as the generalised quaternion group of order 4m, and denote it by Q/^m- For example, 
if m = 2 then we obtain the usual quaternion group Qg of order 8. Further, T* (resp. 
O*, 7*) will denote the binary tetrahedral group of order 24 (resp. the binary octahedral 
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group of order 48, the binary icosahedral group of order 120). We will refer collectively 
to T* ,0* and 7* as the binary polyhedral groups. More details on these groups may be 
found in || AMI ICoxl ICMi IWoll , as well as in Section |Il3l and the Appendix. 

In order to understand better the structure of B„(§^), one may study (up to iso- 
morphism) the finite subgroups of B„(§^). From Theorem [1} it is clear that the fi- 
nite cyclic subgroups of Bn(S^) are isomorphic to the subgroups of 1i2{n-i)r where i e 
{0,1,2}. Motivated by a question of the realisation of Qs as a subgroup of B,j(§^) of 
R. Brown |ATD | 1 in connection with the Dirac string trick (P, ^N], as well as the study 
of the case n = 4 by J. G. Thompson |ThJ|, we obtained partial results on the classific- 
ation of the isomorphism classes of the finite subgroups of B„(S^) in ||GG4ilGG6B . The 
complete classification was given in IIGG5II : 

Theorem 2 ( IIGGSII ). Let n ^ 3. Up to isomorphism, the maximal finite subgroups o/B„(§^) 
are: 

(a) Z2(„_i) ifn ^5. 

(b) Dic^n- 

(c) Dic^n-l) ^/'^ =born ^7. 

(d) r*z/n = 4mod6. 

(e) 0*z/n = 0,2 mod 6. 

if) r ifn = 0,2, 12,20 mod 30. 

Remarks 3. 

(a) By studying the subgroups of dicyclic and binary polyhedral groups, it is not diffi- 
cult to show that any finite subgroup of B„(S^) is cyclic, dicyclic or binary polyhedral 
(see Proposition [85l). 

(b) As we showed in IIGG41IGG5B , for i e {0,2}, 

A„a;-A~-^ = where a • = ixooliiXq^ = CL^cciCc^^^'^ , (10) 

and the dicyclic group of order 4(n — z) is realised in terms of the generators of B„(S^) 
by: 

(oc\, A„), 

which we shall refer to hereafter as the standard copy of Dic4(„_,) in B„(§-^). 

A key tool in the proof of Theorem |2l is the strong relationship due to Magnus of 
B„(§2) with the mapping class group M.CQi^ ,n^ of the n-punctured sphere, n ^ 3, 
given by the short exact sequence |FMIIMKSB : 

\^(^t)^^n{^^)^ MCQ{^^,n)^\. (11) 

As we shall see, it will also play an important role in various parts of this paper, not- 
ably in the study of the centralisers and conjugacy classes of the finite order elements 
in Part IB as well as in some of the constructions in Part HIl There is a short exact 
sequence for the mapping class group analogous to equation (O; the kernel of the 
homomorphism M.CQ{^,n) — > Sn is the pure mapping class group 'PAiCQ{'S^,n), 
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which may also be seen as the image of Pm(S^) under cp. In particular, since for n ^ 4, 
Pw(S^) ^ P„_3(§^\{xi,X2/^3}) X ^2 [GGIJ, where the second factor is identified with 
(Al), it follows from the restriction of equation ^ to Pn{S^) that VMCQ{S^,n) ^ 
P„_3(§^\ {xi, xi, X3}), in particular VM.CQ (S^, n) is torsion free for all n ^ 4. 

In this paper, we go a stage further by classifying (up to isomorphism) the virtually 
cyclic subgroups of Bk(S^). Recall that a group is said to be virtually cyclic if it contains 
a cyclic subgroup of finite index (see also Section mTj) . It is clear from the definition 
that any finite subgroup is virtually cyclic, so in view of Theorem ^ it suffices to con- 
centrate on the infinite virtually cyclic subgroups of B„(S^), which are in some sense 
its 'simplest' infinite subgroups. The classification of the virtually cyclic subgroups 
of B„(S^) is an interesting problem in its own right. As well as helping us to under- 
stand better the structure of these braid groups, the results of this paper give rise to 
some K-theoretical applications. We remark that our work was partially motivated by 
a question of S. Millan-Lopez and S. Prassidis concerning the calculation of the algeb- 
raic K- theory of the braid groups of and MP^. It was shown recently that the full 
and pure braid groups of these two surfaces satisfy the Fibred Isomorphism Conjec- 
ture of F. T. Farrell and L. E. Jones pjL| pvTlj |JM2|. This implies that the algebraic 
K-theory groups of their group rings (over Z) may be computed by means of the al- 
gebraic K-theory groups of their virtually cyclic subgroups via the so-called 'assembly 
maps'. More information on these topics may be found in [BLRl [FJj JP|. The main 
theorem of this paper. Theorem |5l is currently being applied to the calculation of the 
lower algebraic K-theory of Z[B„(S^)] |GJM[ , which generalises results of the thesis of 
Millan-Lopez |JM3tlMD | where she calculated the lower algebraic K- theory of the group 
rings of Pn(S^) and P„(MP^) using our classification of the virtually cyclic subgroups of 
P„(]RP^) IIGG8I . This application to K-theory thus provides us with additional reasons 
to find the virtually cyclic subgroups of B„(S^). 

As we observed previously, if n ^ 3 then B„(§^) is a known finite group, and so 
we shall suppose in this paper that n 5= 4. Our main result is Theorem |5l which yields 
the complete classification of the infinite virtually cyclic subgroups of B„(§^), with a 
small number of exceptions, that we indicate below in Remark [6l Recall that by results 
of Epstein and Wall ]Ep[ IWa | | (see also Theorem [TTl in Section mTj), any infinite virtually 
cyclic group G is isomorphic to F x Z or Gi jf^f G2, where f is finite and [G/ : f ] = 2 
for i e {1,2} (we shall say that G is of Type I or Type 11 respectively). Before stating 
TheoremlHl we define two families of virtually cyclic groups. If G is a group, let Aut (G) 
(resp. Out (G)) denote the group of its automorphisms (resp. outer automorphisms). 



Definition 4. Let n ^ 4. 

(1) Let Vi(n) be the union of the following Type I virtually cyclic groups: 

(a) Z(j X Z, where q is a strict divisor of 2(n — i), i e {0, 1, 2}, and q^n — iiin — i is odd. 

(b) Jjcj Xp Z, where ^ 3 is a strict divisor of 2(n — i), i e {0, 2], q ^ n — iiin is odd, and 
p{l) e Aut (Z^) is multiplication by —1. 

(c) Dic4m xZ, where m ^ Sis a strict divisor oin — i and z e {0,2}. 

(d) Dic4m XyZ, where m ^ 3 divides n — i, i e {0,2}, (n — i)/m is even, and where 
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v(l) G Aut (Dic4m) is defined by: 



^^(i)(y) = ^y 



(12) 



for the presentation © of Dic4OT. 

(e) Qg Z, for n even and 9 e Hom(Z, Aut (Qs))/ foi" the following actions: 

(i) d{i) = Id. 

(ii) 9 = 0., where e Aut (Qg) is given by = j and = k, where Qg = 
{+1, +i, +i, +k}. 

(Hi) 9 = where ^{1) e Aut (Qg) is given by = k and j6(l)(;) = j'^. 

(f) T* X Z for n even. 

(g) T* x^ Z for n = 0,2 mod 6, where a;(l) e Aut (T*) is the automorphism defined as 
follows. Let T* be given by the presentation MWol p. 198]: 



More details concerning this automorphism will be given in Section |Il3l 

(h) O* xZforn = 0,2mod6. 

(i) r X Z torn = 0, 2, 12, 20 mod 30. 

(2) Let Y2{n) be the union of the following Type II virtually cyclic groups: 

(a) ^1^^ Z4^, where q divides (n — i)/2 for some i e {0, 1,2}. 

(b) '^i2q where q '^2 divides (n — i)/2 for some i e {0,2}. 

(c) Dic4(j ^1^^ Dic4(j, where q ^2 divides n — i strictly for some i e {0,2}. 

(d) T)ic^ *Dic2q Dic4(^, where ^ 4 is even and divides n — i for some z e {0, 2}. 

(e) O* O*, where n = 0,2 mod 6. 

Finally, let V(n) = Vi(n) U V2(n). Unless indicated to the contrary, in what follows, 
p, V, oi, /3 and co will denote the actions defined in parts ©©, (fd]), (tej)©, (|el)(Iiii]) and (jgj) 
respectively. 



(P,Q,X |x3 




and let co{l) e Aut (T*) be defined by 




(14) 
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The main result of this paper is the following, which classifies (up to a finite number 
of exceptions), the infinite virtually cyclic subgroups of Bm(S^). 

Theorem 5. Suppose that n ^ 4. 

(1) IfG is an infinite virtually cyclic subgroup ofBn{S'^) then G is isomorphic to an element of 
V(n). 

(2) Conversely, let G he an element ofY{n). Assume that the following conditions hold: 

(a) ifG^Qs^^a'^ then n ^ {6, 10, 14}. 

(b) ifG^T* xZ then n ^ {4, 6, 8, 10, 14}. 

(c) ifG^O* xZorG^ T* x^lthen n ^ {6,8,12,14,18,20,26}. 

(d) ifG xZ then n i {12,20,30,32,42,50,62}. 

(e) ifG^ O* ^T* O* then n ^ {6,8,12,14,18,20,24,26,30,32,38}. 
Then there exists a subgroup o/B„(§^) isomorphic to G. 

(3) Let G be isomorphic to T* x Z (resp. toO*xZ)ifn=4 (resp. n = 6). Then B„(S^) has 
no subgroup isomorphic to G. 

Remark 6. Together with Theorem |2l, Theorem |5] yields a complete classification of the 
virtually cyclic subgroups of B„(§^) with the exception of a small (finite) number of 
cases for which the problem of their existence is open. These cases are as follows: 

(a) Type I subgroups of B„(S^) (see Propositions [62] and [66l as well as Remarks [64l 
and [571): 

(i) the realisation of Qg x^. Z as a subgroup of B„(§^), where n belongs to {6, 10, 14} and 
a(l) G Aut (Qs) is as in Definition [KH)©©. 

(ii) the realisation of T* x Z as a subgroup of B„(§^), where n belongs to {6,8, 10, 14}. 
(Hi) the realisation of T* x^ Z as a subgroup of B„(S^), where the action co is given by 
Definition [l(I])(|g]), and n e (6, 8, 12, 14, 18, 20, 26}. 

(iv) the realisation of O* x Z as a subgroup of B„ (S^), where n e {8, 12, 14, 18, 20, 26}. 

(v) the realisation of J* x Z as a subgroup of B„ (S^), where n e {12, 20, 30, 32, 42, 50, 62}. 

(b) Type II subgroups of B„(S^) (see Remark [72l and Proposition [73)): 

(i) for n e {6, 8, 12, 14, 18, 20, 24, 26, 30, 32, 38}, the realisation of the group O* ^j* O* as 
a subgroup of B„(S^). 

Since the above open cases occur for even values of n, the complete classification 
of the infinite virtually cyclic subgroups of B„(S^) for all n ^5 odd is an immediate 
consequence of Theorem [5] 

Theorem 7. Let n ^ 5be odd. Then up to isomorphism, the following groups are the infinite 
virtually cyclic subgroups ofBniS^). 

(I) (a) Zjn xg Z, where 6(1) e {Id, — Id}, m is a strict divisor of2(n — i), for i e {0,2}, and 
m ^ n — i. 

(b) Zyn X Z, where m is a strict divisor o/2(n — 1). 

(c) Dic^rn xZ, where m ^ 3is a strict divisor ofn — ifor i e {0,2}. 

(II) (a) Z^ ^'z^^ Z^, where q divides (n — l)/2. 

(b) Dic^q ^'i2q ^^c^' '^here q ^ 2isa strict divisor ofn — i, and i e {0, 2} 
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Most of this manuscript is devoted to proving Theorem ^ and is broadly divided 
into two parts, in and nil together with a short Appendix. The aim of Part U is to prove 
Theorem |5)(T]). In conjunction with Theorem |2l Theorem [171 gives rise to a family VC 
of virtually cyclic groups, defined in Section HITl with the property that any infinite 
virtually cyclic subgroup of B„(§^) belongs to VC. In that section, we shall discuss a 
number of properties pertaining to virtually cyclic groups. Proposition |26] describes 
the correspondence in general between the virtually cyclic subgroups of a group G 
possessing a unique element x of order 2 and its quotient G/ (x). By the short exact 
sequence (|TT]) , this proposition applies immediately to B„(S^) and A4CQ{S^,n), and 
will be used at various points, notably to obtain the classification of the virtually cyclic 
subgroups of AiCQ{S'^,n) from that of Bn(S^). Two other results of Section HIT] that 
will prove to be useful in Section IIII8I are Proposition |20] which shows that almost all 
elements of Y2{n) of the form G G may be written as a semi-direct product Z x G, 
and Proposition |27| which will be used to determine the number of isomorphism classes 
of the elements of Y2{n). 

The principal difficulty in proving Theorem |5] is to decide which of the elements of 
VC are indeed realised as subgroups of Bn{S^)- This is achieved in two stages, reduction 
and realisation. In the first stage, we reduce the subfamily of VC of Type I groups in 
several ways. To this end, in Section IIl2l we obtain a number of results of independent 
interest concerning structural aspects of B„(S^). The first of these is the calculation 
of the centraliser and normaliser of its maximal finite cyclic and dicyclic subgroups. 
Note that if i e {0, 1}, the centraliser of a,, considered as an element of B„, is equal to 
(a,) [BDMI IGW]. A similar equality holds in B„(§^) and is obtained using equation (|TT|) 



and the corresponding result for AiCQ (S , n) due to L. Hodgkin |Ho 



Proposition 8. Let i e {0,1,2}, and let n ^ 3. 

(a) The centraliser of{xi) in Bn (S^) is equal to {cci), unless i = 2 and n = 3, in which case it is 
equal to B3(S^). 

(b) The normaliser of{<Xi) in B„(§^) is equal to: 

(Oio, An) = DiCin ifi=0 
< (a2, (Xq^ Ani^oy = Dzc4(„_2) ifi = 2 
<ai>^Z2(„_i) ifi = h 

unless i = 2 and n = 3, in which case it is equal to B3(§^). 

(c) Ifi e {0,2}, the normaliser of the standard copy of Dic^n_i-^ in Bn{S^) is itself, except 
when i = 2 and n = 4, in which case the normaliser is equal to a^^cj^"^ (olq, Ais,)a\ocQ, and is 
isomorphic to Qis- 

If f is a maximal dicyclic or finite cyclic subgroup of B„(S^), parts ^ and dbj imply 
immediately that B„(§^) has no Type I subgroup of the form F x Z. 

The second reduction, given in Proposition|35]in Section |Il3l will make use of the fact 
that a 9: Z — > Aut (F) is an action of Z on the finite group F, the isomorphism class 
of the semi-direct product F x g Z depends only on the class of 0(1) in Out (F). Since we 
are interested in the realisation of isomorphism classes of virtually finite subgroups in 
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B„(S^), it will thus be sufficient to study the Type I groups of the form F Z, where 
9{1) runs over a transversal of Out (F) in Aut (F). To this end, in Section |Il3l we recall 
the structure of Out (F) for the binary polyhedral groups. One could also carry out this 
analysis for the other finite subgroups of B,j(§^) given by Theorem |2l but the resulting 
conditions on 9 are weaker than those obtained from a generalisation of a second result 
of L. Hodgkin concerning the powers of a;, that are conjugate in B„(§^). More precisely, 
in Section Hm we prove the following proposition. 

Proposition 9. Let n ^ 3 and i e {0,1,2}, and suppose that there exist r, m e Z such that 
cif and (x\ are conjugate in Bn{S'^)- 

(a) Ifi = l then af = ix\. 

(b) If ie {0,2} then af = ccf . 

In particular, conjugate powers of the cti are either equal or inverse. So if F is a 
finite cyclic subgroup of B„(S^) then by Theorem [T] the only possible actions of Z on 
F are the trivial action and multiplication by —1. This also has consequences for the 
possible actions of Z on dicyclic subgroups of B„(S^). As in Proposition HI the proof 
of Proposition in will make use of a similar result for the mapping class group and the 
relation (|TT|) . 

The final reduction, described in Section |I|5.2[ again affects the possible Type I sub- 
groups that may occur, and is a manifestation of the periodicity (with least period 2 or 
4) of the subgroups of B„(§^) that was observed in [GG5] for the finite subgroups. The 
following proposition will be applied to rule out Type I subgroups of B„ (S^) isomorphic 
to F Z with non-trivial action 6, where F is either O* or J* (one could also apply the 
result to the other possible finite groups F, but this is not necessary in our context in 
light of the consequences of Proposition |9] mentioned above). The following proposi- 
tion may be found in IIBCPi IFZI], and may be compared with the analogous result for 
MP2 HGCH Proposition 6]. We shall give an alternative proof in Section |I|5. II 

Proposition 10 (P BCPllFZB ). 

(a) The space F2(S^) (resp. D2(S^)) has the homotopy type of (resp. o/RP^). Hence the 
universal covering space o/D2(§^) is F2(S^). 

(b) If n ^ 3, the universal covering space of Fn(^'^) or D„(§^) has the homotopy type of the 
3-sphere S^. 

Putting together these reductions will allow us to prove Theorem [5 || T ]l . first for the 
groups of Type I in Section III6.ll and then for those of Type II in Section 1116.21 The 
structure of the finite subgroups of B„(S^) imposes strong constraints on the possible 
Type II subgroups, and the proof in this case is more straightforward than that for Type I 
subgroups. 

The second part of the paper. Part HIl is devoted to the analysis of the realisation 
of the elements of Y\{n) ]J V2('^) as subgroups of B,j(S^) and to proving parts © and 
((3]) of Theorem |5l With the exception of the values of n excluded by the statement of 
part ©, we prove the existence of the elements of V(n) as subgroups of B„(S^), first 
those of Type I in Sections IIIIH - IIII41 and then those of Type II in Section IIIl6l The results 
of these sections are gathered together in Proposition [68] (resp. Proposition [73l) which 



8 



proves Theorem |5)l2]) for the subgroups of Type I (resp. Type II). The construction of 
the elements of V(n) involving finite cyclic and dicyclic groups are largely algebraic, 
and will rely heavily on Lemma ISTl as well as on Lemma |29l which describes the action 
by conjugation of the a, on the generators of B„(S^). In contrast, the realisation of 
the elements of V(n) involving the binary polyhedral groups is geometric in nature, 
and occurs on the level of mapping class groups via the relation (|TT]) . The constraints 
involved in the constructions indicate why the realisation of such elements is an open 
problem for the values of n given in Remark[6l For n e {4, 6}, in Proposition [62lld|l we are 
also able to rule out the existence of the virtually cyclic groups given in Theorem |5)|3)- 
In Section miSl we discuss the isomorphism problem for the amalgamated products 
that occur as elements of V2(n). It turns out that with one exception, abstractly there is 
only one way (up to isomorphism) to embed the amalgamating subgroup in each of the 
two factors. With the help of Proposition l27l we are able to prove the following result. 

Proposition 11. For each of the amalgamated products given in Definitional^, abstractly 
there is exactly one isomorphism class, with the exception of Q\(, Qie„for which there are 
exactly two isomorphism classes. 

Note that Proposition [TT] refers to abstract isomorphism classes, and does not de- 
pend on the fact that the amalgamated products occurring as elements of Y2{n) are 
realised as subgroups of B„(S^). In the exceptional case, that of Qi6 Qie> abstractly 
there are two isomorphism classes defined by equations (|75|) and (|77| . In Corollary [76l 
we show that abstractly, all but one of the isomorphism classes of the elements of V2('^) 
of the form G G may be written as a semi-direct product of Z by G. In Propos- 
itions [ZZl and [781, if ^ 4 is even we show that one of these isomorphism classes is 
always realised as a subgroup of B„(S^), while the other isomorphism class is real- 
ised as a subgroup of B„(S^) for all n ^ {6,14,18,26,30,38}. It is an open question 
as to whether this second isomorphism class is realised as a subgroup of B„(§^) for 
n e {6,14,18,26,30,38} 

In Section IIII91 we deduce the classification of the virtually cyclic subgroups of 
AiCQ{S'^,n) (with a finite number of exceptions). As we shall see, it will follow from 
Proposition |26] that the homomorphism cp of the short exact sequence ((TT]l induces a 
correspondence that is one-to-one, with the exception of subgroups of B„(§^) that are 
isomorphic to x g Z or Z2m x g Z for m odd, which are sent to the same subgroup 
Zm xg/ Z of AiCQ (S^, n), the action 6' being given as in Proposition [T2l|b)) below. 

Proposition 12. Let n ^ 4, and let cp: B„(S^) — > MCQ{S'^,n) be the epimorphism given 
by equation ([HI ). 

(a) Let H' be an infinite virtually cyclic subgroup of AiCQ (S^, n) of Type I (resp. Type 11). 
Then cp~^{H') is a virtually cyclic subgroup o/B„(§^) of Type I (resp. Type II). 

(b) Let H be a Type I virtually cyclic subgroup o/B„(S^), isomorphic to F xieZ, where F is 
a finite subgroup o/B„(§2) and 9 e Hom{Z,Aut (f)). Then (p{H) ^ (p{F) xigi Z, where 
6' e Hom{Z, Aut (f)) satisfies e'{l){f') = (p{d{l){f)) for all f e F' and f e F for which 

m = /'■ 

(c) Let H be a Type II virtually cyclic subgroup of B„(S^) isomorphic to Gi G2, where 
Gi, G2 and F are finite subgroups o/B„(S^), and F is an index 2 subgroup o/Gi and G2. Then 
9(H) = (p(Gi) (p(G2). 
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Equation ((TTj) and Definition |4] together imply that the following virtually cyclic 
groups are those that will appear in the classification of the virtually cyclic subgroups 
of J^CQ (§^, n). If m ^ 2, let Dih2m denote the dihedral group of order 2m. 

Definition 13. Let n ^ 4. 

(1) Let Yi{n) be the union of the following Type I virtually cyclic groups: 
(a) X Z, where q is a strict divisor of n — i, i e {0, 1, 2}. 

(h) x^Z, where q ^ 3 is a strict divisor of n — i, i e {0,2}, and p{l) e Aut (7jq) is 
multiplication by —1. 

(c) Dih2m xZ, where m ^ Sis a strict divisor oin — i and i e {0,2}. 

(d) Dih2m XyZ, where m ^ 3 divides n — z, z e {0,2}, (n — z)/m is even, and where 
i7(l) e Aut (Dih2m) is defined by: 

v(l)(x) = X 

1^(1) (y) = 

for the presentation of Dih2m given by (x, y \x"^ =y'^ = 1, yxy~^ = x~^ y. 

(e) (Z2 © Z2) X ^ Z, for n even and 6 e Hom(Z, Z2 © Z2), for the following actions: 

(i) 9(1) = Id. 

= a,wherea(l) e Aut (Z2©Z2)is givenby a(l)((l,0)) = (0, 1) and X(1)((0, 1)) = 

(1,1). 

(iii)_e = ^, where |6(1) G Aut (Z2 ©Z2) is givenby |6(1)((1,0)) = (1, 1) and |6(1)((0, 1)) = 
(0,1). 

(f) A4 X Z for n even. 

(g) A4 x^ Z for n = 0,2 mod 6, where a3(l) e Aut (A4) is the automorphism defined as 
follows. Let A4 = (Z2 © Z2) X Z3 where the action of Z3 on Z2 © Z2 permutes cyclically 
the three elements (1, 0), (0, 1) and (1, 1), and let X be a generator of the Zs-factor. Then 
we define a;(l) e Aut (A4) by: 

' (T,o) ^ (T,I) 

< (0,1)^(0,1) 

X ^ x-^ 

(h) S4 X Z for n = 0, 2 mod 6. 

(i) Ag X Z f orn = 0, 2, 12, 20 mod 30. 

(2) Let V2(n) be the union of the following Type II virtually cyclic groups: 

(a) where q divides (n — i)/2 for some i g {0, 1, 2}. 

{h) Z2(j Dih2(j, where q^l divides (n — z)/2 for some z e {0,2}. 

ic) Dih2(j Dih2(j, where q^T. divides n — i strictly for some i e {0,2}. 

(d) Dih2^ ^Dihq Dih2q, where q ^ ^is even and divides n — i for some i e {0,2}. 

(e) S4 -^A^ S4, where n = 0, 2 mod 6. 

Finally, let V(n) = Vi (n) (J V2(n). 
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We thus obtain the classification of the virtually cyclic subgroups of AiCQ (S^, n) 
(with a finite number of exceptions) 

Theorem 14. Let n ^ 4. Every infinite virtually cyclic subgroup of AiCQ n) is the image 
under cp of an element of Y{n), and so is an element of V(n). Conversely, if G is an element 
ofY{n) that satisfies the conditions of Theorem \5l0 then (p{G) is an infinite virtually cyclic 
subgroup of MCQ (§^, n). 

In Proposition ISTl we prove a result similar to that of Proposition [TT] for the Type II 
subgroups of M.CQ (S^, n) that appear in Definition [T3lf2)) , namely that there is a single 
isomorphism class for such groups, with the exception of the amalgamated product 
Dihg >i<Dih4 Dihg/ for which there are exactly two isomorphism classes. In an analogous 
manner to that of B„(§^), if n is even then Proposition |83] shows that each of these 
two classes is realised as a subgroup of A^C^ (S^, n), with the possible exception of the 
second isomorphism class when n belongs to {6, 14, 18, 26, 30, 38}. 

As we mentioned previously, the real projective plane MP^ is the only other surface 
whose braid groups have torsion. In light of the results of this paper, it is thus natural to 
consider the problem of the classification of the virtually cyclic subgroups of Bjj(RP^) 
up to isomorphism. This is the subject of work in progress |GG10| . The first step, the 
classification of the finite subgroups of Bn(^P^), was carried out in [009', Theorem 5]. 
As in this paper, the classification of the infinite virtually cyclic subgroups of B„ (RP^) is 
rather more difficult than in the finite case, but the combination of IIGG9i Corollary 2], 
which shows that B„ (RP^) embeds in B2n (S^)/ with Theorem |5] should be helpful in this 
respect. 

Acknowledgements 

This work took place during the visit of the second author to the Departmento de Mate- 
matica do IME - Universidade de Sao Paulo during the periods 14*^ - 29*^^ April 2008, 
18*^ July - 8*^ August 2008, 31^* October - 10*^ November 2008, 20*^ May - 3''^ June 
2009, ll*'^ - 26*^ April 2010, 4*^ - 26*^ October 2010, 24**^ February - 6**^ March 2011 
and 17*^ - 25*^^ October 2011, and of the visit of the first author to the Laboratoire de 
Mathematiques Nicolas Oresme, Universite de Caen Basse-Normandie during the peri- 
ods 21®* November - 21®* December 2008 and November- December 2010. This 
work was supported by the international Cooperation USP/ Cofecub project n° 105/06, 
by the CNRS/FAPESP project n° 24460 (CNRS) et n° 2009/54745-1 (FAPESP), by the 
Fapesp 'projeto tematico Topologia algebrica, geometria e diferencial' n° 08/57607-6, 
and by the ANR project TheoGar n° ANR-08-BLAN-0269-02. The authors wish to thank 
Silvia Millan-Lopez and Stratos Prassidis for having posed the question of the virtually 
cyclic subgroups of surface braid groups, Etienne Ghys, Gilbert Levitt and Luis Paris 
for helpful conversations concerning the centraliser of finite order elements in the map- 
ping class groups of the sphere, and Jesus Gonzalez for pointing out useful references 
related to the configuration space of the sphere. The second author would like to thank 
the CNRS for having granted him a 'delegation' during the writing of part of this paper, 
and CONACYT (Mexico) for partial financial support through its programme 'Estan- 
cias postdoctorales y sabaticas vinculadas al fortalecimiento de la calidad del posgrado 
nacional'. 

11 



Parti 



Virtually cyclic groups: generalities, 
reduction and the mapping class group 

In PartH], we start by recalling the definition of virtually cyclic groups and their charac- 
terisation due to Epstein and Wall. In Section [H applying Theorem |2l, in Proposition l22l 
we obtain a family VC of virtually cyclic groups that are potential candidates to be sub- 
groups of Bn The initial aim is to whittle down VC to the subfamily V(n) of infinite 
virtually cyclic groups described in Definition |4] with the property that any infinite vir- 
tually cyclic subgroup of B„(S^) is isomorphic to an element of V(n). In Section [H we 
also prove a number of results concerning infinite virtually cyclic groups, in particular 
Proposition l26l which will be used in Part|II]to construct certain Type II subgroups, and 
to prove Theorem [HI Also of interest is Proposition |2Zl which will play an important 
role in Section HIlSl in the study of the isomorphism classes of the Type II subgroups of 
B„(§^), notably in the proof of Proposition [TTl which shows that there is just one iso- 
morphism class of each such subgroup, with the exception of Qi6 * Qg Qie, for which 
there are two isomorphism classes. Another result that shall be applied in Section HIlS] 
is Proposition |20l which implies that almost all elements of V2(n) of the form G G 
may be written as semi-direct products Z x G. In Section IIIl9l we will see that a similar 
result holds for the isomorphism classes of the Type II subgroups of A^C^(S^, n), the 
exceptional case being Dihg >i<Dih4 Dihg- 

In PartIB we then study the elements of VC of the form F xg Z, where F is one of the 
finite groups occurring as a finite subgroup of B„(§^). One of the main difficulties that 
we face initially is that in general there are many possible actions of Z on F. However, 
as we shall see in Sections |2]-(5l a large number of these actions are incompatible with the 
structure of B„(§^). In Section |2l we prove Proposition HI which will enable us to rule 
out the case where F is a maximal finite cyclic or dihedral group. In Section |3l we ob- 
tain a second reduction using the fact that the isomorphism class of F x g Z depends only 
on the outer automorphism induced by 0(1) in Out (F). Since we are primarily inter- 
ested in the isomorphism classes of the virtually cyclic subgroups of B„(S^), it follows 
that it suffices to consider automorphisms of F belonging to a transversal of Out (F) in 
Aut (F). The subsequent study of the structure of Out (F), where F is either Qg or one 
of the binary polyhedral groups, then narrows down the possible Type I subgroups of 
B„(S2). If F = r*,0* or r then Out (F) ^ Z2, so we have just two possible actions to 
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consider, the trivial one, and a non- trivial one, which we shall describe. In Section HI 
we obtain in Proposition |9] an extension to Bn (S^) of a result of Hodgkin concerning the 
centralisers of finite order elements of AiCQ{S^,n). This allows us to reduce greatly 
the number of possible actions in the case where F is cyclic or dicyclic. In Section 15.11 
in Proposition [To] we give an alternative proof of a result of |BCP[ iFZl that says that if 
n ^ 3, the universal covering space of the n*^ permuted configuration space D„(S^) of 
has the homotopy type of S'^. This fact will then be used in Section \5?2\ to show in 
Lemma Hi] that the non-trivial subgroups of B„(S^) have cohomological period 2 or 4. 
The ensuing study of the cohomology of the groups of the form F xg Z, where F = O* 
or I*, will allow us to exclude the possibility of the non-trivial action in these cases. 
Putting together the analysis of Sections |2]-|5] will lead us to the proof of Theorem ISjlj) 
for the Type I subgroups. In Section |6.2[ we study the infinite virtually cyclic groups 
of the form Gi G2, where F, Gi, G2 are finite and [G/ : F] = 2 for i = 1,2. Using the 
cohomological properties obtained in Section 15.21 and the relation with the groups of 
the form F x g Z, we show that any group of this form that is realised as a subgroup of 
B„(S^) is isomorphic to an element of V2('^)- This will enable us to prove Theorem [SjT]) 
in Section [6^ 

1 Virtually cyclic groups: generalities 

We start by recalling the definition and Epstein and Wall's characterisation of virtually 
cyclic groups. We then proceed to prove some general results concerning these groups, 
notably Propositions ITT] and l26l that will be used in Part HI] of the manuscript. 

Definition 15. A group is said to be virtually cyclic if it contains a cyclic subgroup of 
finite index. 

Remarks 16. 

(a) Every finite group is virtually cyclic. 

(b) Every infinite virtually cyclic group contains a normal subgroup of finite index. 

The following criterion is well known; most of the first part is due to Epstein and 
Wall (EglMl. 

Theorem 17. Let Gbe a group. Then the following statements are equivalent. 

(a) G is a group with two ends. 

(b) G is an infinite virtually cyclic group. 

(c) G has a finite normal subgroup F such that G/F is isomorphic to Z or to the infinite dihedral 
group 7,2^1^2- 

Equivalently, G is of the form: 

(i) F xg Z/or some action 6 e Hom{Z,Aut (F)), or 

(ii) Gi G2, where [G, : F] = 2/or z = 1,2, 
where G\, G2 and F are finite groups. 

Definition 18. An infinite virtually cyclic group will be said to be of Type I (resp. 
Type II) if it is of the form given by (0) (resp. by (jn])). 



13 



Proof of Theorem WA The equivalence of parts (tlj and ® may be found in |Ep |, and the 



implication (taj) implies dcj is proved in ||Wa | | . So to prove the first part, it suffices to show 
that dcj implies ©. Suppose then that G has a finite normal subgroup f such that G/f 
is isomorphic to Z or to Z2 ^ Z2. Clearly G is infinite. Assume first that G = F Z, 
where 6 e Hom(Z, Aut (f)), let k be the order of the automorphism 9{1) e Aut (f), 
let s : G/F — > G be a section for the canonical projection p : G — > G/F, and let x be a 
generator of the infinite cyclic group G/F. Since 6{x)(f) = s{x)fs{x~^) for all / g f , it 
follows that the infinite cyclic subgroup (s{x'^)y is central in G, and that there exists a 
commutative diagram of short exact sequences of the form: 



f ■ 



s{x'^) 



G 



1 -Ker (p) -G/<s(x'^ 



the left-hand vertical extension being central, where 



kZ 



G/F ^ Z -1 

f 

■■^Z/kZ ^1, 



(15) 



(p: G — ^ G/^s(x'')^and^: Z — >Z/kZ 

are the canonical projections, and p : G/ (s(x^)y — > Z/kZ is the epimorphism induced 
on the quotients. Since the restriction of p to (s(x^)y is an isomorphism, it follows that 
^ If : f — > Ker (p) is too. Thus G/ (s{x^)y is of order k \F\. Since (s{x^)y is infinite 
cyclic, the left-hand vertical extension then implies that G is virtually cyclic. 

Now suppose that G/F = Z2 ii< Z2. Then G/F ^ Z x Z2, where the action of Z2 on Z 
is non trivial. So there exist a short exact sequence 



F 



G Z X Z2 



and a split extension 

l^F — .G^Z^l, 

where G is the inverse image of the Z-f actor of Z x Z2 under p. Let x be a generator 
of Z, and let s : Z — > G be a section for p q . Applying the argument of the previous 

paragraph to G = F x Z, there exists a central extension 



1 



s(x*^) 



G 



G 



s{x^) 



1, 
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where k is the order of Aut (F). Let m 
G2. To see this, first note that {s(x'"*^)) 



|F| . We claim that (s{x'^^)y is normal in Gi 
Z(G). Now letg e G\G. Then p{gs{x^)g-'^) = 



X since p{g) is sent to an element of the form (x'^, 1) in Z x Z2, where q e Z. Hence 
gs{x'^)g~^ = s{x~^)f, where f e F. Since s(x'^) e Z(G), s(x^) commutes with /, and so 

gs{x'"^)g-^ = {six-'')/)"" = six-"'''). (16) 

We thus have the following commutative diagram of short exact sequences: 

1 



G 



G /<s(x'«'^)> 



G -G/<s(x'«'^) 



1 



(17) 



■■Z2 



G /(s{x 



mk' 



m 



An argument similar to that of the previous paragraph shows that 

and so |G /<^s(x"^*)) | = 2w?-k. Since ^s(x"'^)) ^ Z, it follows from the second row of (|T7| 
that G is virtually cyclic. This shows that ^ implies ©, and thus completes the proof 
of the first part of the statement. 

We now prove the second statement of the theorem. First note that in part the 
fact that G/F is isomorphic to Z is clearly equivalent to condition Suppose then that 
condition (ju]) holds. Since [G, : F] = 2 for i = 1,2, F is normal in G/, so is normal in 
G = Gi^F G2, and G/F ^Z2^ Z2. Finally, suppose that G has a finite normal subgroup 
F such that G/F ^ Z2 ^ Z2. Let 11: G — G/F denote the canonical projection. For 
i = 1,2, let yi e G/F be such that G/F = (1/1,1/2 12/1=3/2 = -'^)' = ri~^«i/f)). 

Then the groups G, are finite and each contain F as a subgroup of index 2. We can 
thus form the amalgamated product Gi ^2- So F is normal in Gi G2, and the 
quotient (Gi >tif G2)/F is isomorphic to Z2 ^ Z2. By standard properties of amalgam- 
ated products, there exists a unique (surjective) homomorphism cp: Gi^p G2 — > G 
that makes the following diagram of short exact sequences commutative: 



F 



F 



Gi *F G2 ^ (Gi :i<f G2)/F 



n 



y 

■G/F- 



1, 



being the canonical projection, and where ^ is the induced homomorphism on the 
quotients. Now for i = 1,2, cp{g) = g for all g e Gi, and so ^{q{xi)) = y,. In particular. 
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^ sends the Z2-factors of (Gi G2)/F isomorphically onto those of G/F, and thus ^ is 
an isomorphism. It follows from the 5-Lemma that cp is also an isomorphism. □ 

The following result shows that the type of an infinite virtually cyclic group is de- 
termined by the (non) centrality of the extension given by Theorem [T7t|b]) . 

Proposition 19. Let G be an infinite virtually cyclic group. Then G is of Type I (resp. of 
Type II) if and only if the extension 

1 — >Z — >G — — ^1 (18) 

arising in the definition of virtually cyclic group is central (resp. is not central). 

Proof. In order to prove the proposition, we start by showing that if 

1 — .Z^G — ^f^ — ^1 for; = 1,2, 

are extensions of G, with Fy finite, then they are either both central or both non central. 
Note that the intersection li (Z) n /2(^) is a normal subgroup of G of finite index, and so 
is infinite cyclic. Since an automorphism of Z is completely determined by its restriction 
to the subgroup A:Z c Z for any k ^ 0, (as the automorphism and its restriction are either 
both equal to Id or to — Id), the two extensions are thus either both central or both non 
central. 

To prove the necessity of the condition, consider the extension (|T8l) given by the 
definition of virtually cyclic group. Assume first that G is of Type I. By the first part 
of Theorem [TTl there exists a finite subgroup F' of G and 6 e Hom(Z, Aut (F')) such 
that F' X g Z. Using the notation of the first part of the proof of Theorem [171 as in the 
commutative diagram ((151) , we obtain a central extension 

1 (s{x^)y -^G^G /(s{x'')y 1. 

Since (s(x^)y = Z, it follows from the first paragraph that the extension (|T8|) is central. 

Now suppose that G is of Type II. From the proof of the first part of Theorem [TTl 
from the commutative diagram ((T7|) we obtain an extension 

1 <^s(x"^*^)^ -^G^G /<^s(x'"'^)^ 1, 

where (s{x'^^)y = Z, G /(s{x'^^)y is finite. Equation ((T6l) implies that this extension is 
non central. Using the first paragraph once more, it follows that the extension (|T8)) is 
non central. This proves the necessity of the conditions. 

Conversely, if the extension ((TS)) is central (resp. non central) then from Theorem [TTl 
it must be of Type I (resp. Type II) because as we saw in the two previous paragraphs, 
any group of Type I (resp. Type II) is the middle group of a central (resp. non central) 
extension. But by the first paragraph of this proof, this property is independent of the 
short exact sequence. □ 

The following proposition will be used in Section HIlSl to give an alternative descrip- 
tion of the elements of V2(n) as semi-direct products. 
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Proposition 20. Let Gi and G2 be isomorphic groups, and consider the amalgamated product 
G = Gi^iiG2 defined by 



Hi 




H 



Gi^H G2, 




H2 



G2 



where for j = 1,2, Hy is a subgroup of Gj of index 2 and ij : H — > Hj is an embedding of the 
abstract group H in Gj, the remaining arrows being inclusions. Suppose that the isomorphism 

Z2 o Z]f ^ : Hi — > H2 extends to an isomorphism i : Gi — > G2. Then G ^ Z x Gf, where the 
action is given by 



t ifgi e Hi 
ri ifgieGi\Hi, 



t being a generator of the Z-factor. 

Proof. We start by constructing a homomorphism a: Gi^hG2 
define a on the elements of Gi and G2. Let 



(19) 



G2. It suffices to 




if X e Gi 
if X G G2. 



Then a is well defined, since iih e H then a{ii{h)) = i{ii{h)) = i2{h) = 0L{i2{h)) since 
ij{h) G Hj for ; g {1,2}. Hence we obtain a split short exact sequence: 

1 Ker (a) Gi *h G2 ^ G2 ^ 1, (20) 

where a section s : G2 — > G\^hG2 is just given by inclusion. It remains to show that 
Ker {(x) ^ Z, and to determine the action. 

Let p: Gi G2 — > Z2 Z2 be the canonical projection of Gi -^u G2 onto the quo- 
tient (Gi G2)/H. lih e H then a.(i2{h)) = i2{h), so the lower left-hand square of the 
following diagram of short exact sequences is commutative: 



Ker (a) 



Z 



1 ^ H ^ Gi H<H Gi ^2 * Z2 ^ 1 



G2 



■Z2 
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Thus a induces a homomorphism a : Z2 ^ Z2 — > TLi that makes the lower right-hand 
square commute. Let i e {1,2}, and suppose thatg, g G;\H;. If z = 1 then = L{gi) e 
G2\H2 because l is an isomorphism that sends Hi to H2, while Hi = 2 then Ci{g2) = 
g2 e G2\H2. We conclude that p{oc{gi)) = 1. Setting xi = p{gi), the commutativity of 
the above diagram implies firstly that a{xi) = 1, and hence Ker (a) = (X1X2} = Z, and 
secondly that the restriction 

P IxerW : Ker (a) — .Ker (a) 



is an isomorphism and that Ker (a.) = \gi(i(g(l))) ) = Z for any gi e Gi\Hi. Thus 
Gi G2 = Z X G2 by equation (|20l) . Further, if g2 e G2 then 

P(^^2(gl(i(^(l)))"^)^2^) = Pfe)XlX2p(gr^) 

^ |xiX2 if g2 e 22(H) = H2 

I X2XlX2^2^ ^ '*^2^1 = {XlX2)~^ if g2 ^ G2\H2. 

The action given by equation ((191) then follows from the commutativity of the above 
diagram, where t is taken to be the element gi (i(g(l)))~^. □ 

We now turn our attention to the virtually cyclic subgroups of B„(S^). 

Definition 21. Given n ^ 4, let VC denote the family of virtually cyclic groups con- 
sisting of all groups of Type I and Type II whose factors f , Gi and G2, as described by 
Theorem [TTl are subgroups of '^2(n-i)> Dic4„, Dic4(„_2), T"*, O* or J*. 

The family VC thus consists of the infinite virtually cyclic groups that are formed 
using the finite subgroups of B„(§^). The following proposition is an immediate con- 
sequence of Theorems l2l and ITTl 

Proposition 22. Let Gbea virtually cyclic subgroup o/B„(§^). 

(a) IfG is finite then it is isomorphic to a subgroup of one of7j2{n-\)r Dic^n, Dic^n-2)r T*, O* 

or r*. 

(b) IfG is infinite then it is isomorphic to an element ofVC. 

We recall the following general result from IIGG8I , which will prove to be very useful 
when it comes to constructing subgroups of B„(§^) of Type II. 

Proposition 23 ( IIGGSl Lemma 15]). Let G = Gi G2 be a virtually cyclic group of 
Type II, and let cp: Gi^p G2 — > H be a homomorphism such that for i = 1,2, the restriction 
of cp to Gi is injective. Then <p is injective if and only if <p(G) is infinite. 

Remark 24. Proposition |23l will be applied in the following manner: we will be given 
finite subgroups Gi,G2 of B„(S^) such that f = Gi PIG2 is of index two in both G\ 
and G2. The aim will be to prove that the subgroup (G\ [J G2^ is the amalgamated 

product of G\ and G2 along f . It will suffice to show that (G\ (J G2^ is infinite. Sup- 
pose that this is indeed the case. Let Gi and G2 be abstract groups isomorphic re- 
spectively to Gi and G2 whose intersection is an index two subgroup f . We define a 
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map (p: Gi^p G2 — > \ Gi (J that sends F onto F and G/ onto Q isomorphically for 

i = 1,2. Then ^ is a surjective homomorphism, and by Proposition |23l is an isomorph- 
ism. 

As an easy exercise, we may deduce the classification of the virtually cyclic sub- 
groups of Pn(S^). If n ^ 3 then P„(§^) is trivial if n ^2, and P3(S^) ^ Z2. So suppose 
that n ^ 4. The only finite subgroups of Pn(S^) are {e} and {A^), both of which are 
central. 

Proposition 25. Let n ^ 4. The virtually cyclic subgroups o/P„(§^) are {e}, (A^), (x) ^ Z 

element of Pn{S'^)\{Al}. 

Proof. Let G be an infinite virtually cyclic subgroup of P„ (§^) . The Type I subgroups are 
Z and Z2 X Z (both are realised, by taking (x) and ^A^, x^ respectively, where x is any 
element of P„(S^)\^A^)). As for the Type II subgroups, the only possibility is F = {e} 
and Gi = G2 = {A^), but then G ^ Z2 Z2 since {A^) is the unique subgroup of P„ (S^) 
of order two. □ 

The following result will be used later on to show that there is an almost one- 
to-one correspondence between the virtually cyclic subgroups of B„(S^) and those of 
AiCQ{S'^,n). This will also enable us to construct copies of T* x Z (Proposition [62|) 
and O* ^j* O* (Proposition [71]) in B„(S^) for certain values of n, as well as to prove 
Theorem [141 

Proposition 26. Let G be a group that possesses a unique element x of order 2, let G' = 
Gj (x), and let p: G — > G' denote the canonical projection. 

(a) Let Hbe a virtually cyclic subgroup ofG. 

(i) H' = p(H) is a virtually cyclic subgroup of G' ofthe same type (finite, ofType I or of Type 11) 
as H. 

(ii) Let H ^ F xg Z, where F is a finite subgroup of G and 9 e liom{Z,Aut (F)). Then 
p{H) ^ p(F) xg/ Z, where 6' e Hom(Z,Atz^ (F')) is the action induced by 6, and defined by 
e'{l){f') = p{e{l){f))forallf' e F' , where f e F satisfies p{f) = f. 

(Hi) Let H ^ Gi G2, where Gi, G2 are subgroups of H, and F = Gi n G2 is of index 2 in 
Gi and G2. Then p{H) ^ p(Gi) *p(f) p(G2). 

(b) Let H' be a virtually cyclic subgroup of G'. 

(i) H = p~^{H') is a virtually cyclic subgroup of G ofthe same type (finite, of Type I or of 
Type II) as H'. 

(ii) If H' ^ G[ ^p/ Gy where G[, G2 are subgroups of H' , and F' = G[ n G2 is of index 2 in 
G[ and G2, then H ^ p~^{G[) ^^-if^p,-^ p~^(G2)- 

(c) Let Hi and H2 be isomorphic subgroups of G. Then p{Hi) and p(H2) are isomorphic 
subgroups ofG'. 

Proof. First note that since x is the unique element of G of order 2, the subgroup <x) is 
characteristic in G, in particular, x e Z(G). We start by proving parts ©(fl) and ©(0). 
The result is clear if either H or H' is finite, so it suffices to consider the cases where they 
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are infinite. Before proving the statement in these cases, let us introduce some notation. 
Suppose that H (resp. H') is an infinite virtually cyclic subgroup of G (resp. G'). Then 
by Theorem [TTl H (resp. H') has a finite normal subgroup f (resp. f') such that H/F 
(resp. H'/F') is isomorphic to 7, if H (resp. H') is of Type I, and to Z2 Z2 if H (resp. H') 
is of Type IL Let H' = p{H) and f = p(f ) (resp. H = p-^H') and f = p~^{F')). So H' 
(resp. H) is infinite, and F' (resp. F) is finite. Further, p |f : F — > F' and p |h ^ ^^ — * 
are surjective, F' (resp. F) is normal in H' (resp. H), and 



[e] c Ker (p | f ) c Ker (p | h ) ^ Ker (p) = (x> . 
Then we have the following commutative diagram of short exact sequences: 

1 1 



(21) 



Ker (p If ^ 



■Ker (p |h' 



H/F 



(22) 



F' 



H' 



Y 

T/ ml 



H'/F' 1, 



where q : H — > H/F and t^' : H' — > H'/F' are the canonical projections, the map 

p: H/F — >H'/F' 

is the induced surjective homomorphism on the quotients and Ker (p | f ) — > Ker (p | h ) 
is inclusion. We claim that Ker (p |f ) = Ker (p \ h)- This being the case, p is an iso- 
morphism, and thus H and H' are virtually cyclic groups of the same type, which 
proves the proposition. If x ^ H then Ker (p |f ) = Ker (p |h) = {s} trivially by equa- 
tion (|2T|). So assume that x e H. To prove the claim, by equation (|2T|) , it suffices to 
show that X e F. We separate the two cases corresponding to parts (III)© and db])© of 
the statement. 



dfl])© If H is of Type I then H ^ F x Z, and so x g F since x is of finite order. So suppose 
that H is of Type II. Then H ^ Gi^p G2, where Gi, G2 are subgroups of H that contain F 
as a subgroup of index 2. By standard properties of amalgamated products, x belongs 
to a conjugate in H of one of the Gi because it is of finite order, and since x e Z(G), 
it belongs to one of the G/, which shows that Gi and G2 are of (the same) even order. 
The fact that x is the unique element of G of order 2 implies that x e Gi n G2 = F as 
required. 

@® In this case, Ker (p | f ) = Ker (p\h) = Ker (p) = (x) by construction. 
This proves the claim, and thus we obtain parts ©((i]) and ©(0). 
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We now prove part (tl])(liil). Let H be an infinite Type I subgroup of G and let F be a 
finite normal subgroup of H such that there exists a short exact sequence of the form 



1 



f 



H 



H/F 



1, 



where H/F ^ Z, and where q: H — > H/F is the canonical projection. By the previ- 
ous paragraph, we thus have the commutative diagram (|22|), p being an isomorphism. 
Let z be a generator of H/F, let s: H/F — > H be a section for q such that Q{z){f) = 
s{z).f.s{z-'^) for all / e f, where 9 e Hom(H/f, Aut (f )) is given. The commut- 
ativity of the diagram (|22|) implies that s' = p os o p~^ : H'/F' — > H' is a section for 
q' . Since x e Z(G), if x e F then 6{z){x) = x, and so p induces a homomorphism 
O: Aut (F) — > Aut (F') satisfying ^{ix){p{f)) = p{ix{f)) for all / g F and a e Aut (F). 
We thus obtain a homomorphism 6' : H'/F' — > Aut (F') defined hy 9' = O o o p"^ that 
makes the following diagram commute: 



H/F- 



Aut (F) 



3) 

H'/F' '^' -Aut (F'). 

In particular, if /' e F' and if / g F is such that p{f) = f then: 

S'(2')./'.S'(2'-1) =pos(z).p(/).pos(z-l) =P(S(Z)./.S(Z-1)) =p(e(z))(/) 

= Oo0(z)(/') = e'(z')(/'), 

and thus H' ^ F' xg/ Z, where 0' g Hom(Z, Aut (F')) is the homomorphism induced 
by e G Hom(Z, Aut (F)) given by 6' {!){/') = p(0(l)(/)) for all /' g F', where / g F 
satisfies p{f) = /', and where we write the generators of H/F and H'/F' as 1. This 
proves part daJdH]). 

We now prove part (taJlml). Let H, Gi,G2 and F be as in the statement, and let 
H', G^, G'2 and F' be their respective images under p. Then H/F = Z2 Z2, and once 
more we have the commutative diagram (f22)) , p being an isomorphism. By part dl])©, 
H' is a Type II subgroup of G. Now F' is of index 2 in both G^ and Gj, and the inclu- 
sions F' c G' give rise to an amalgamated product G^ / G2 whose quotient by F' is 
isomorphic to Z2 j}^ Z2. Since H = <Gi u G2) and p\h '■ H — > H' is surjective, we have 
that H' = ^G^ u G2). By the universality property of amalgamated products, there ex- 
ists a surjective homomorphism a : G^ ^pi G'2 — > H' satisfying a (g') = g' for allg' g G'. 
We thus obtain the following commutative diagram of short exact sequences: 

1 — - F' — - g; *f / G'2 — - Z2 * Z2 — - 1 



1 



F' 



H' 



y 

H'/F' 



1, 



where a is the homomorphism induced on the quotients. The surjectivity of a. implies 
that of oi. The finiteness of Z2 implies that the free product Z2 ^ Z2, which is finitely 
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generated, is residually finite HCohj Proposition 22]. It thus follows that H'/F' ^ Z2 

is Hopfian [Coh, see the proof of the Corollary, page 12], so a. is an isomorphism. Using 

the 5-Lemma, we see that a. is an isomorphism as required. 

We now prove part ©dn]). For i = 1,2, let G/ = p~^(G-). Since H' ^ G[ G'2 and 
p is an isomorphism, we have that H'/F' = H/F = 1^2 ^ 1^2- Now F is a subgroup of 
both Gi and G2, and the corresponding inclusions give rise to an amalgamated product 
Gi G2 whose quotient by F is isomorphic to Z2 ^ 1^2- The equality H' = (^G'-^ u G'2) 
implies that H = (Gi u G2), and it follows from the universality property of amalgam- 
ated products that there exists a (unique) surjective homomorphism a.: Gi^p G2 — > H 
satisfying oc{gi) = gi for all gi e Gi. We thus have a commutative diagram of the form 



1 



Gi ^F G2 ^ Z2 Z2 — 

i ^ 

H/F 1, 



H 



where a. is the homomorphism induced by a that makes the diagram commute, which 
is surjective because a. is, and is thus an isomorphism since Z2 ^ Z2 is Hopfian. The 
5-Lemma implies the result. 

Finally, we prove part (|c]). Let ip : Hi — > H2 be an isomorphism between Hi and 
H2. Since x is the unique element of G of order 2, then x e Hi if and only if x g H2, 
and since Ker (p) = (x), we have Ker (p |hi ) = Ker (p )• We thus have the following 
commutative diagram of short exact sequences: 



1 -Ker (pIhJ 

1 ^Ker (pIhz) 



-Hi 
-H2 



1, 



where ip : p(Hi) — > p(H2) is the surjective homomorphism induced by ip. The 5-Lemma 
then implies that xp is an isomorphism. □ 

We thus obtain directly Proposition [121 

Proof of Proposition \T2\ Taking G = B,j(S^), G' = MCQ{S^,n) and cp as given in equa- 
tion dTTj), and applying Proposition |26l yields the result. □ 



We finish this section with the following result that will be applied in Section IIII8I 
to study the isomorphism classes of the elements of Y2{n). For k = 1,2, let G^, F be 
finite groups such that F is abstractly isomorphic to a subgroup of G]^ of index 2, and let 
hf jk '■ F — ^ G/c be pairs of embeddings. We can then form two amalgamated products, 
Gi G2 (with respect to the embeddings z'l, Z2) and Gi ^'p G2 (with respect to the em- 
beddings ji,j2)- Suppose that for k = 1,2, there exist automorphisms Oj^: G/c — > G^ 
satisfying 9], o z/, = jj,. 

Proposition 27. Under the above hypotheses, the two amalgamated products G\ -^f G2 and 
G\ -^'p G2 are isomorphic. 
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Proof. The hypotheses imply the existence of the following commutative diagram: 




where for I = 1,2, the homomorphisms from Gj to Gi ^i^f G2 and Gi G2 are inclusions. 
By the universal property of amalgamated products, there exists a unique (surjective) 
homomorphism Gi ^f G2 — > Gi ^'p G2. We obtain the inverse of this homomorphism 
in a similar manner, by replacing z'l, 22, 9i and 62 by /i, ;2, 9^^ and respectively and 
by exchanging the roles of Gi G2 and Gi ^'p G2. □ 



2 Centralisers and normalisers of some maximal finite sub- 
groups of B„(S^) 

Theorem [T] asserts that up to conjugacy, the maximal finite order cyclic subgroups of 
B„(S^) are of the form (a,) for i e {0,1,2}. On the other hand, IIGG51 Theorem 1.3 
and Proposition 1.5(1)] implies that up to conjugacy, the maximal dicyclic subgroups of 
B„(S^) are the standard dicyclic subgroups of Remark |3l|b]). In this section, we determ- 
ine the centralisers and normalisers of these subgroups. In the cyclic case, our results 
mirror those for finite order elements of AiCQ (§^, n), and shall be used to construct the 
possible actions of Z on cyclic and dicyclic subgroups of B„(S^). 

We first prove the following proposition which states that an infinite subgroup of 
B„(S^) cannot be formed solely of elements of finite order. 

Proposition 28. Any infinite subgroup o/B„(§^) contains an element of infinite order. In 
particular, any subgroup ofBniS^) consisting entirely of elements of finite order is itself finite. 

Proof. Let H be an infinite subgroup of B„ (S^). Consider the following restriction of the 
short exact sequence (|5]): 

1 Pn{S^) r^H^H'^ n(H) 1, 

where 71(H) is a subgroup of Sn- If n H is finite then it follows that H is finite, 

which contradicts the hypothesis. So Pn(S^) n H is infinite, but since the torsion of 
Pn (§^) is precisely {e, |, H must contain an element of infinite order. □ 

The following lemma will play a fundamental role in the rest of the paper. 
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Lemma 29. Let i e {0,1,2}. Then: 



Ci\ajCi^ = (Tjj^i for all I e N satisfying] +1 ^n — i — 1, 



Further, ifQ^q^n,we have: 

= ((Ti ■ ■ ■ (r^_i)'? • ]~[((7g_fc+i • • • (r„_fc). 



n 

ic=l 



(23) 
(24) 



(25) 



Remarks 30. 



(a) An alternative formulation of equations (|23|) and (|24|) is that conjugation by a; per- 
mutes the n — i elements 

C7i, . . . , (Tn-i-l, DiiO-n-i-lOCj'^ 

cyclically. 

If ^ ^ n then using equation (|25l) , a:q may be interpreted geometrically as a full 
twist on the first q strings, followed by the passage of these q strings over the remaining 
n — q strings (see Figure [Ufor an example). If further q divides n then dcq admits a block 
structure (see also Remark l39l|b|)). 





Figure 1: The braid ag in 65(8^), first in its usual form, and then in the form 
((71(72)^ (c^3C^4C^5)(t^2C^3C^4)(c^iC^2C^3) of equation (|25|) . 



Proof of Lemma l29l Let i e {0, 1, 2}. We start by establishing equations (|23|) and ((24|). First 
note that Di\ = ccoan-i and 0.2 = 0iQ(T~_-yCrn-i, so if 1 ^ j ^ n — i — 2, a.icrja.~ = ix.QO'j'^o = 
CTj+i using standard properties of 0:0. If further I e N and j + 1 ^n — i — 1, ix\ajix~^ = aj_^i, 
which proves equation (|23l) . Since n — z — 2 ^ 0, we obtain 



n—i —(n—i) 
ai = a- (TiDi- ^ ' 



2 n—i— 2 —(n—i— 2) —2 

afa" Via- ^ 'oi- 



Ci}an-i-\CC^ ^ 



using equations dU) and (|23)), which proves equation (|24l). We now prove equation (|25 
Let us prove by induction that for all m e [Q,. . . ,q}, 



q-V) 







J^l^^m-fc+l ■ ■ ■ ^n-q+m-k)- 



(26) 



k=l 

24 



Clearly the equality holds if m = 0. So suppose that it is true for some m e {0, . . . ,q — 1}. 
Then q — {m + 1) ^0, and: 



= (f^i 



Nfjj q—m "I T/ N 

—q+m—k) 

k=l 

m 

\m+l £j— (m+1) Y~[ r \ 

■ ■ C^q-lj CTq--- CTn-l^Q ' | |(C^m-fc+l " " " O'n-q+m-k) 

k=l 

m+1 

\m+l q—{m+l) i r / ^ 

■■C^tj-lJ ^0 ■ ■ ■ O'n-q+m ■ [ [[O'm-k+2 ' ' ' '^n-q+m-k+D 



k=2 



m+1 q—{m+l) 1 r / X 
■■O'q-l) ^0 ■ [ [{0'{m+l)-k+l- ■ ■0'n-q+{m+l)-k) 

k=l 



m+1 



using equation (|23|) , which gives equation (|26|) . Taking m = q in that equation yields 
equation (|25l) . □ 



As well as being of interest in its own right, the following result will prove to be 
useful when we come to discussing the possible Type I subgroups whose finite factor is 
cyclic. If H is a subgroup of a group G then we denote the centraliser (resp. normaliser) 
of H in G by Zg(H) (resp. Ng(H)). 

Proposition 31. Let n ^ 4, and let i e {0,1,2}. Then ZB^_(g2)«a;,» = (a,). 

In order to prove Proposition ISTl we first state a result due to L. Hodgktn concerning 
the centralisers of finite order elements in AiCQ (S^, n). 

Proposition 32 (|Ho|). Let n ^ 3, let j e MCQ (S^, n) he an element of finite order r ^1, 
and let f he a rotation ofS"^ hy angle 2nm/r ahout the axis passing through the poles which 
represents 7, where gcd {m,r) = 1. Let A he the suhgroup of the mapping class group of 
the quotient space (f) whose set of marked points is the union of the image of the n marked 
points under the quotient map — > (/) with the two poles ofSi^/ (f), and whose elements 
fix these two poles ifr ^2orr divides n — 1, and leaves the set of poles invariant ifr = 2 and r 
does not divide n — 1. Then there is an exact sequence 



1 



,n)«7» 



A 



1. 



(27) 



Remark 33. Hodgkin's proof of the result is for elements of prime power order IIHol 
Proposition 2.5], but one may check that it holds for any finite order element. 

We now come to the proof of Proposition |3T1 

Proof of Proposition 1371 Let z belong to Zg^^^gi'^{(a.i)). We start by showing that either 
^MCgiE>^,n) = (^i)' or ^ the case n = 4, z = 2, the possibility that Z^^g^^i^^^ «fl2» = 
Z2 0Z2 is also allowed. Consider the short exact sequence ((TTj) . Take m = 1 and r = 
n — z ^ 2 in the statement of Proposition |32l Up to conjugacy, we may suppose that 
(p{oci) = ai, where we denote the mapping class of the rotation / of that proposition by 
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fl/. Then (/) may be regarded as a sphere with three marked points, two of which 
are the poles, and the other marked point corresponds to the single orbit of r marked 
points in Suppose first that r 7^ 2 or z = 1 (in the latter case, r clearly divides n — 1). 
Then A is the subgroup of the mapping class group of (/) whose elements fix each 
of the poles, as well as the remaining marked point. Hence A is the pure mapping class 
group of (/), which is trivial. It follows from equation (|27|) that Z^^^,-g2 n)i^i) 



cyclic of order r, and so is equal to (flf). Now suppose that r = 2 and i ^ 1. Since n ^ 3, 
we have that n = 4 and i = 2. In this case, A is the subgroup of the mapping class group 
of S^/ (f) whose elements leave the set of poles invariant (and fix the remaining marked 
point), and so is isomorphic to Z2. By equation (|27|) , Zj^^g^gz „)«fl2)) is an extension of 
Z2 by Z2, thus ■Z_^(-^(g2 4) ((^2)) is isomorphic to either Z4 or Z2 © Z2. In the former case, 
we obtain Z>fcg(§2,4)«^2» = (ai)- 

We first consider the case where Zj^qq^^i n^ii^i}) = (^z) (so either r 7^ 2 or z = 1, or 
n = 4, z = 2 and Z_x4Qg(gi^4^^ {(^2)) = {^i})- Now z' = cp{z) belongs to the centraliser of Uj, 
and so may be written in the form z' = a^-, where i e {0, . . . , n — z — 1}. By equations © 

and (|TT]) , z = oi\l^-^ = a\'^^^"^~'^\ where e e {0,1}, and hence z e (aj). Since Zg^^(g2-)«A;,» 
clearly contains (a,), it follows that Zg^^g2-)((A:,)) = as required. 

Finally, suppose that n = 4, z = 2 and Zj^Qg(gi^4^{(a2}) = Z2 ©Z2. Since 

'?'(ZB4(§2)«a2») C Z_^c^(g2^4)«fl2», 

we have 

(Ci2} cz ZB^(g2)«a2» c (p"\Z_^ce(§2,4)«^2») = Qs 

using equation (|TT]| . If Zg^^g2-^((a.2}) is isomorphic to Qs then there exists at least one 
element of Zg^(^g2^(A:2) that does not commute with 0.2, which is a contradiction. So 
(0:2) = Zg^(-g2) ((^2))/ and this completes the proof of the proposition. □ 

Remark 34. As we shall see in Section IIII4.ll in general the binary polyhedral groups 
T*, O* and J* have infinite centraliser in B„(S^). 

We now proceed with the proof of Proposition |8l 

Proof of Proposition\8\ We first deal with the case n = 3 f or both parts ([a]) and ©. We 
have a.Q = aiO'2, oci = c^icrl and a.2 = o\, which are of order 6,4 and 2 respectively. In 
particular, 1x2 = A3, and so the centraliser of a.2 and the normaliser of (0:2) are both 
equal to 63(8^). As for ixq and ixi, they may be taken to be the generators x and y 
of B3(§^) = Dici2 appearing in equation (HJ. Indeed, (Xq = a.^ = A3 by equation (|8]), 
(ao, = B3(S^) since (a.o, cannot be of order less than 12, and 

(Xiaoo.^^ = a\a20'i(T2cr2^(r^^ = a\02(T\a2^a^^ = a^^a^^ by equation ©. 

It follows from the presentation of equation (HJ) that {ccq, ai) ^ Dici2, and the rest of the 
statement follows using this presentation in the case m = 3. 
We suppose henceforth that n ^ 4. 

(a) This is the statement of Proposition [ 
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(b) Let i e 0, 1, 2, let N = Ng^^(g2) ((a/)), and let x e N. Then some power of x belongs to 
the centraliser of (a,) in B„(S^), which is equal to (a;,) by Proposition |3T1 So x is of finite 
order, and thus N is finite by Proposition |28| Let 



G = i 



(ixq, An) = Dic4„ if z = 

^2, a;^"^ A„ao^ = Dic4(M-2) if z = 2 

^^l> = ^2(n-l) ifz = l. 



If i e {0,2} then G is conjugate to the standard copy of Dic4(„_;). Since [G : (a;,)] e {1,2}, 
(a,) is normal in G, and so N 3 G. If G = N then we are done. So suppose that G 9^ N, 
and let M be a maximal finite subgroup containing N. Hence G is not maximal, and by 
Theorem |2l we are in one of the following cases: 

(i) n = 4 and i e {1,2}. If z = 1 (resp. i = 2) then G ^ Zs (resp. G ^ Qg)- Since G g 
N c M, it follows from Theorem |2l and the subgroup structure of the finite maximal 
subgroups of 64(8^) (see Proposition [85]) that N = M and N ^ T* (resp. N ^ T* or 
N ^ Qie)- Now (aj) is isomorphic to (resp. to Z4), but these subgroups are not 
normal in T*, so N ^ T* . Hence i = 2 and N ^ Qi^. Take N to have the presentation dU) 
with m = 4. Since (0:2) is isomorphic to Z4 and is normal in N, we have that (0:2) = 
Hence (0:2) ^ (x), but this contradicts the fact that (0:2) is maximal cyclic in 64(8^) by 
Theorem [H 

(ii) n = 6 and z = 2. Then (0:2) = Zg and G = Q16. Since the maximal finite subgroups 
of B6(S^) are isomorphic to Dic24, Zio or O* by Theorem |2l, and G g N c M, it follows 
that N = M ^ O*. However, this contradicts the fact that the copies of Zg in O* are not 
normal by Proposition |85l This completes the proof of part ©. 

(c) Let i e {0, 2}, let G denote the standard copy of Dic4(„_;), and let N be the normaliser 
^B„(S2) (G) of G in Bn (S^). If x e N then some power of x centralises G, and so centralises 

its cyclic subgroup (^a.oaiO.Q^'^ of order 2{n — i). It follows from part © that N is finite. 

Since N 3 G, if G is maximal finite then G = N, and we are done. So suppose that G is 
not maximal, and let M be a finite maximal subgroup of B„(§^) satisfying G g N c M. 
Theorem |2] implies that n e {4, 6} and i = 2. 

Suppose first that n = 4, so G ^ Qg. Then M is isomorphic to T* or Q15 by The- 
orem 121 and N = M by Proposition l85l Suppose first that N ^ T* ^ Qg x Z3. Then G is 
the unique subgroup of M isomorphic to Qg. The form of the action of Z3 on Qg implies 
that the elements of G of order 4 are pairwise conjugate. However, this is impossible 
since the permutations of the order 4 elements 0.2 and a.Q^A4^ix.Q of G have distinct cycle 
types. Thus N ^ Qig. By IIGGSi Proposition 1.5 and Theorem 1.6], the standard copy 
(a.Q, A4) of Q16 in 54(8^), which is a representative of the unique conjugacy class of sub- 
groups isomorphic to Q16, contains representatives of the two conjugacy classes of Qg, 
from which it follows that there exists a subgroup K of 64(8^) conjugate to {ocq, A4) and 
containing G. Since [K : G] = 2, G is normal in K, so K <^ N. The maximality of Qk, 
as a finite subgroup of 64(8^) implies that K = N ^ Q\^. Furthermore, we claim that 
K = ocQ^a^^ (ocq, A4) cr\iXQ. Indeed, K has a subgroup isomorphic to Qg that is generated 
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by the following two elements: 

110 19 1 1 

11 11 191 1 

(Xq (7^ aQA^diOiQ = (Xq (7^ (XQ(i^A4^aQ = iXq (I20'^(Xq. iXq A^iXQ = 0.2- A/^ccq, 

which are also generators of G. We have used relations (O and (O, as well as Lemma |29l 
to obtain these equalities. This proves the claim, and completes the proof in the case 
n = 4. 

Finally, suppose that n = 6, so G ^ Qig. If G g N then as in part ©(HIl) it follows 
that N ^ O*. But by Proposition [85l the copies of Q16 in O* are not normal, which 
yields a contradiction. We thus conclude that G = N as required. □ 

3 Reduction of isomorphism classes of f Z via Out (F) 

If F is a group, let Inn (F) denote the normal subgroup of inner automorphisms of 
the group Aut (F) of automorphisms of F, and recall that Inn (F) = F/Z(F), where 
Z(F) denotes the centre of F. By Theorem [TTl any Type I group is of the form F 
Z for some action 6 e Hom(Z, Aut (F)), where F is finite. The following proposi- 
tion asserts that the isomorphism class of such a group depends only on the homo- 
morphism 6 : Z — > Out (F) which is the composition of 9 with the canonical projection 
Aut (F) Out (F). 

Proposition 35 ( ||ABl Chapter 1.2, Proposition 12]). Let F be a finite group, and let 

6,6': Z — >Aut{F) 

be homomorphisms such that 6 = 6'. Then the groups F xg Z and F xg/ Z are isomorphic. 

In order to help us determine (up to isomorphism) the possible Type I groups arising 
as subgroups of B„ (S^), it will be appropriate at this juncture to describe Out (F), where 
F is one of the finite subgroups Qg/ T*r O* or J* of B„ (S^). By choosing a transversal in 
Aut (F) of Out (F), from Proposition |35] we may obtain all possible isomorphism classes 
of the groups F x g Z (we shall always choose the identity as the representative of the 
trivial element of Out (F)). It then follows directly from Proposition l22l| b ]l that any 
Type I subgroup of B„(S^) involving F is isomorphic to one of the groups belonging to 
this family. Cohomological considerations will then be applied in Section |5] to rule out 
those subgroups involving O* and J* for all but the trivial action. Note that we could 
carry out the study of Out (F) for the other finite subgroups of B„(§^), but in Section |4] 
we will obtain stronger conditions on the possible actions of Z on F using Proposition HI 

(1) F = Qs: we have Aut (Qg) = S4 EHl p. 149], Z(Q8) = ^2 and Inn (Qg) = ^2® ^2- 
Therefore Out (Qg) = Si/{Z2®Z2) = S3. 

(2) F = T*. Writing Qg = {+1, ±i, ±k}, it is well known that T* is isomorphic to 
Qs X Z3 I I AMllCMl , where the action of Z3 permutes cyclically the elements i,j, k of Qg. 
From IIGoG3l Theorem 3.3], we have Aut (T*) ^ S4. Now Z(T*) ^ Z2, so Inn (T*) ^ 
(Z2 © Z2) X Z3 = A4, where the action permutes cyclically the three non-trivial elements 
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of Z2 @Z2. Therefore Out(r*) ^ TL^. Let T* be given by the presentation The 
non-trivial element of Out (T*) is represented by the automorphism a;(l) of T* defined 
by equation (|T4|) . Indeed, if S e (P, Q) then any automorphism of T* which sends 
X to SX~^ is not an inner automorphism. This follows since PXP-i = PQ-^X, and 
QXQ~^ = P~^X, so any conjugate of X in T* belongs to the coset <P, Q) . X, but on the 
other hand, SX~^ belongs to the coset <P, Q) . X~^ which is distinct from (P, Q) . X. As 
we shall see presently in case the automorphism given by ((14)) is the restriction to 
r* of conjugation by an element K e 0*\T*. 

(3) f = O*: from IM p. 198], O* is generated by X, P, Q, which are subject to the 
following relations: 



' X^ = 1, p2 = q2 = v}, PQP"^ = Q"^ 
. XPX-i = Q, XQX-i = PQ, 
[ RXR-^ = X-^, RPR-^ = Ql 



, RPR-1 = QP, RQR-i = Q-i. 



(28) 



Comparing the presentations given by equations ((131) ^rid ((28]) , we see that O* admits 
<P, Q, X) ^ T* as its index 2 subgroup. So we have the extensions |AMl page 150]: 



1 



and IIGoG3[ Proposition 4.1]: 

1 — ^ Z2 



0=' 



Aut (O* 



Z9 



1, 



Aut (r* 
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Now Z(0*) ^ Z2, and so Inn (O*) ^ OVZ(0*) ^ S4. From equation ^ and part © 
above, |Aut (0*)| = 48, and thus Out (O*) ^ Z2. The non-trivial element of Out (O*) is 
represented by the following element of Aut (O*): 



'P^ 


-^p 


Q- 




^ x^ 


X 







To see this, suppose on the contrary that this automorphism arises as conjugation by 
some element S e O*. Since [O* : T*] = 2 and R ^ T*, there exists t e T* such that S = t 
or S = tR. If S = ^ then S commutes with all of the generators of T*, hence belongs 
to the centre {P^) of T*. But Z(0*) = {P^), so conjugation by S cannot send to R~^ 
since R is of order 4. Thus S = tR, and so X = SXS~^ = tX~^t~^, but this implies 
that X and X~^ belong to the same conjugacy class in T*, and as we saw in case (jZl) 
above, this is impossible. We conclude that the given automorphism is not an inner 
automorphism, so must represent the non- trivial element of Out (O*). 
(4) F = r-. we know that r ^ SL 2(F5) HAMI page 151], Z(J*) ^ Z2, Inn (J*) ^ 
r-/Z{r) ^ As, Aut (7*) ^ S5 llGoG3l see Theorem 2.1], and Out (J*) ^ Z2 (see IRMI 
page 151] or ||GoG2[ page 207]). The non-trivial element of Out (J*) is represented by 
the automorphism of I* which in terms of SL2(F5) is conjugation by the matrix ( q 5)/ 
where w is a non square of F5 | |AMl page 152]. 
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Let us come back to case ^ where F = Qg. Since Out(Q8) ^ S3, a priori, we 
need to decide which of the six groups of the form Qg y<i Z are realised. We may how- 
ever make a minor simplification as follows. Recall from Definition HUeJ that a, /3 e 
Hom(Z, Aut (Qs)) are such that a.{l) is the automorphism of Qg order 3 that per- 
mutes i,i and k cyclically, and /3(1) is the automorphism that sends i to k and ; to 
The following lemma shows that we may reduce further the number of isomorphism 
classes of Qg x Z from the six representatives of the elements of Out (Qg) to just three. 

Lemma 36. Let H be of the form Qg Z, where 9 e Hom{Z, Aut (Qg)). Then H is iso- 
morphic to one of Qg X Z, Qg >ipcZ and Qg x^g Z. 

Proof. Since Out(Qg) ^ S3, there exists 7 g {Id, A;,a^,jS,a; o^S, 0/3} such that H is 
isomorphic to Qg x ^ Z by Proposition |35l We claim that: 

(a) Qg x^ Z and Qg x^2 Z are isomorphic. 

(b) Qg x^ Z, Qg Xao^ Z and Qg x^2o^ Z are isomorphic. 

To prove the claim, we define isomorphisms cp: Qg x g Z — > Qg x g/ Z, where the ac- 
tions 9,9' e Hom(Z, Aut (Qg)) run through the possible pairs given by ([a)) and ©. Let 
t (resp. t') denote the generator of the Z-f actor of Qg xg Z (resp. of Qg xg/ Z). Defining 
cphy: 

(i) i I — > i, i I — > k and t \ — > kt' i{9 = a and 9' = cP-, 

(ii) i I — > k, k I — > j, i I — > i and t \ — > jt' if = /3 and 9' = ao ^, 
(Hi) i I — > j, k I — > i, i I — > k and t \ — > jt' if = /3 and 9' = oP- o /3, 

we may check that cp gives rise to an isomorphism between each pair of groups. In 
particular, there are only three isomorphism classes of semi-direct products Qg x g Z, 
namely those for which 9{l) e {Id,a;(l),jS(l)}. □ 

Remark 37. Since {ot.{l))^ = (j6(l))^ = Idf , it will suffice to study the existence of semi- 
direct products of the form Qg Xa Z and Qg x^ Z. 

4 Reduction of isomorphism classes of F Z via con- 
jugacy classes 

In this section, we use the relation between /ACQ{E>'^,n) and B„(S^) given by equa- 
tion (|TT]) to prove Proposition HI As a consequence, the only possible actions on cyclic 
groups that are realised as subgroups of B„(S^) are the trivial action, and multiplica- 
tion by —1. This will subsequently be used to rule out many Type I groups involving 
dicyclic factors. 

In order to prove Propositi on|9l we first state Proposition |38] whose statement, seem- 
ingly well known to the experts in the field, is related to a classical problem of Nielsen 
concerning the conjugacy problem in the mapping class group. The first proof we found 
in the literature is due to L. Hodgkin |HoJ (see also [McHJ for related results). 
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Proposition 38. Let n,r ^2be such that MCQ (S^, n) has elements of order r. 

(a) Suppose that either r ^ 3, or r = 2 and n is odd. Then there is a unique value of i e 
{0, 1,2} for which r divides n — i. Let f be a rotation ofS^ of angle 2nm/r, where m e N and 
gcd (m,r) = 1, and let 7 e M.CQ{S^,n) denote the mapping class of f. Then any element 
7' e M.CQ (S^, n) of order r is conjugate to 7. Further, any two distinct powers of 7 are 
conjugate in M.CQ n) if and only if the following conditions hold: 

(i) they are inverse, and 

(ii) ie {0,2}. 

(b) Ifr = 2 and n is even then r divides both n and n — 2, and so both the choices i = and 

1 = 2 are possible. In the first (resp. second) case, we obtain an element 70 (resp. 72) of order 

2 that fixes none (resp. exactly two) of the n marked points o/§^. Further, every element of 
AiCQ (S^, n) of order 2 is conjugate to exactly one ofjo or 72. 



The proof of Proposition |38] may be deduced in a straightforward manner from 
that of [Ho, Proposition 2.1]. Before coming to the proof of Proposition HI we first 
define some notation that shall also be used later in Sections IIII4.1I and IIII6.2[ If X is 
an n-point subset of S^, let Homeo"*" (§^, X) denote the set of orientation-preserving 
homeomorphisms that leave X invariant. There is a natural surjective homomorph- 
ism Y : Homeo"^ (S^, X) — > AiCQ (S^, n), where = [f] denotes the mapping class 
of the homeomorphism / e Homeo"'"(S^, X). 

Proof of Proposition^ Let i e {0,1,2}. Let 1 ^ m,r ^ 2(n — i), and suppose that a'p and 
are conjugate powers of a/ in B„(S^). Then there exists z g B„(S^) such that 

zaf = a'i. (30) 

Let }i = gcd (m,2{n — i)), and set q = 2{n — i)/}i. Then af and are both of order q, 
and generate the same subgroup <(af ) of (a;). In particular, there exists 1 r < q with 
gcd {T,q) = 1 such that o;^"^ = a^. Setting ^ = rr and raising equation (|30l) to the t*^ 
power yields za -'z"^ = (x^. Now oc^ and (x^ generate the same subgroup of (a,), so there 
exists 1 ^ t < q with gcd (t, q) = 1 such that ol^ = ccl^, and hence 

zafz-i = af = ocf. (31) 

We claim that it suffices to show that e ^oc^-,dc^ ^'|. Suppose for a moment that the 
claim holds. Since gcd (t, q) = 1, there exist u,v eTj such that ut — vq = 1, and so 



{a';y=af (32) 



since af^ is of order q. Similarly, 



I I 
since a;[ is also of order q. But 



\. «^)^ = < (33) 
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and putting together equations (HD, (|33l) and (O, we obtain af = af^. As we shall see 
below, if z = 1 then in fact a^^ = (Xy which will prove the proposition in this case. We 
now proceed to prove the claim, separating the cases i = 1 and i e {0,2}. 

(i) Let i = 1. Projecting relation (|3T1) onto the Abelianisation ^2{n-i) we obtain 
n}i = nfit mod 2(n — 1), in other words, there exists k ^ such that nii{t — l)=k. 2(n — 
1). Now n and n — 1 are coprime, so there exists I ^ such that fi{t — 1) = l{n — 1) and 
2k = nl. But 1 t < q = 2{n — thus }i fit < 2{n — 1), which implies that 

^ /^(i - 1) ^ 2(n - 1) - ^ < 2(n - 1), 

and thus 

<2(n-l). 

It follows that Z = or I = 1. If Z = 1 then n = 2k, so n is even. Further, t — 1 = 
(n — = q/2, hence q is even. But gcd(^, q) = 1, so t is odd, thus }i{t — 1) = n — 1 is 
even, and n is odd, a contradiction. We conclude that Z = 0, so f = 1, and so oc^ = a^. 
As we saw above, this implies that ocf = cJy which proves part ([a]) of the proposition. 

(ii) Let i e {0,2}. Consider equation (fSTj) and the short exact sequence (|TT|). Let w = 
cp{z), let Uj = (p{oii), and let X be an n-point subset of §^ consisting of n — z equally- 
spaced points on the equator, with the remaining i points distributed at the poles. 

Then wa^w~^ = a\, and we may suppose a, to be represented by the homeomorph- 
ism fi G Homeo"*" (§^, X) that is rigid rotation of of angle 2n/(n — i). It follows from 
Proposition |38] that and fl^ are either equal or are inverses, and since a, is of order 
n — i, ^ = ±fi mod n — i, so ^ = ±ji + 3{n — i), where 5 e Ij. \t 5 is even then k.\ = 
by equation ©, and as we saw above, this implies that af^ = af^, which proves part © 
of the proposition in this case. So assume that 6 is odd, in which case 

zaf z-i =4 = = (35) 

also using equation ©. Conjugating equation (|35l) by ciQ^^^ls.nCiQ^, replacing z by the 
element a.^'^^'^ lS.niXQ^z and using equation (|T0|) if necessary, we may suppose that 

zafz-i = af A^. (36) 

Notice however that since is central and of order 2, the relation 

4 = ^r'A^ (37) 

of equation (|35l) persists under this conjugation. Conjugating equation ((36)) by and 
multiplying by A^ yields: 

A^ = z-Vf z. (38) 

The Abelianisation of equation (|38l) yields n(n — 1) = mod 2(n — 1), so n must be 
even for a solution to exist. In particular, if n is odd, there is no z g Bn(§^) satisfying 



equation (|38)) . So let n ^ 4, and suppose that equation (|38l) admits a solution z e B„ (S ). 
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If fi e {n — i,2{n — i)} then e {A^^, and this equation implies that = Id, hence 
n ^ 2, which gives a contradiction. So jd ^ {n — i,2(n — i)], and since }i \ 2{n — i), we 
must have 1 ^ ^ < n — z. Moreover, q = 2(n — cannot be odd, for if it were then 
aj* would be of order 2q because is of order q and A^ is central. But this contradicts 
equation (f38)) , so q is even, and hence }i divides n — i. li {n — =2 then fi = {n — i) /2, 
and 

e +i!i^ + („-f) +(n-i)/2 +fi 

by equation ^7\ , which proves the result in this case. Since }i < n — i, we suppose 
henceforth that {n — ^3. 

We first assume that i = 0, so ji divides n and n/ji ^ 3. Consider the image of 
equation (|38l) under the homomorphism n of equation ©. Then 71(0.^) = (n — }i + l,n — 
2}i + 1, ... ,}i + l,l){n — }i + 2, n — 2}i + 2, ... ,}i + 2,2) ■■■ {n,n — }i, ... , 2}i, fi) consists of 
}i disjoint n/^-cycles. For j = 1, . . . ,}i, the elements that appear in the such cycle are 

of the form F {ji — ^ + ], where k = 1,. . . ,n/}i. Since 7r(A^) is trivial, n{z) commutes 

with 7i{ix!q), and so 7i{z) permutes the }i n/^-cycles of Ti{a^), and preserves the cyclic 

order of the elements within each cycle. In particular, if n{z) sends ; io }i — k'^ + 

where e {1, . . . , ^} and k' e {1,. . . ,n/}i] then 

[f - ^ = ° 7r(z)(;) = n{z) o n{x^){i) 

= ^(^(^-k^-k'^+ f mod n. (39) 

To coincide with the convention that we use for braids, note that we compose permuta- 
tions from left to right. Now let ; = 1, and let g {1, . . . , /i} and k' e {!,... ,n/}i} be 

such that n{z){l) = F - k'^ + f ■ Set 

^ = ((Ti • • •(ry/_i)(a-^+i • • ■a^ij^ji_i) ■ ■ ■ {(Tn-n+l ■ ■ ■ (Tn-y+i'-l)- 

Since 1 ^ ^ ji, for k = 1,. . . ,n/}i, the blocks (7'^(ii_jt)+i • • • 0-^1(^11 -k)+f-i commute pair- 
wise. By equations (|23|) and (|24|) , ^ and commute, hence 

^z-'4zr' = 4^1 (40) 

Now 7r(^)(l) = so for all = 1, . . . , n/^w, 

.Kz-')(,(^-<c)+l)=.(z->)(,(^-.)+/ 
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by equation (|39|) . Thus ^z~^ and oi^ belong to the subgroup B^^^^n-n/j.ii^'^) oi B„(§^) 
which here denotes the subgroup of those braids whose permutation leaves the set 
+ \, . . . ,n — }i + 1} invariant. Let z' denote the image of z^~^ under the projection 
onto By^i^iS^). Since the kernel 

of the surjective homomorphism „_„/^,(§^) — > B„/^ (§^) is torsion free (this follows 
for example from MGG7[ Proposition 2.5]), the element cc^, which is of order q, is sent 
to an element /3 of B„/^,(§^) of order q, and is sent to ^^j^r the unique element of 
Byi/iii^^) of order 2 (using equation (|25|) , it is in fact possible to show that /3 is equal to 
the element ocq of Bf^/^{S'^), see Figure |2] for an example in the case n = 6 and ji = 2). 
Now q = In/ji ^ 6, so by Theorem [ij there exists z" e B„/^(S^) and 1 k < q, 





Figure 2: The element Oq of B3 3(8^) is sent to the element ocq of B3(S^) under the projec- 
tion B3,3(S2) ^ B3 (§2). 

gcd (k, q) = 1, such that /3 = z"cc^z"~^ {dcq here being considered as the standard finite 
order element of By^|^^{S'^)). The image of equation (|40l) under this projection yields: 

z z olqZ z = z (XqZ m«„/^,(^j. 



so 



(41) 



where zi = z" ^z' ^z" . There exist Ai, A2 e Z such that Xik + = 1/ so dcq^^ = dcq m 
Byi/iii^'^)- Since q is even, Ai is odd, and raising equation (|4T|) to the Ai*'^ power yields 



Hence Zi e Ng^^^ (§2)((a;o)), and so by Proposition HBb]), Zi is an element of A 
Dic4„/^, and Zi = a:Q A^^^, where ^ A < 2n/jM and e e {0, 1}. Thus 



(42) 



V/' 



^I'^o^i =A„/^^aoA^/^ 



ao if e = 
1 if £ = 1. 



a, 



(43) 
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Combining equations (|42l) and (|43l) , we obtain A^^^ g {Id, a;q}. Now n/ji ^ 3, so 
(resp. A^^^^) is of order n/^ (resp. 2), which yields a contradiction. 

Suppose finally that i = 2, so }i \ n — 2 and (n —2)/}i ^ 3. Since n must be even 
in order that equation (|38|) possess a solution, these conditions imply that n ^ 6. Let 
t e {n — l,n}. Projecting equation (|38|) into S„ leads to the equality (71(0:2) o 7r(z))(i) = 
(7r(z) o 71(0:2 ))(i), and this implies that 

n{4){n{z){t)) = n{zm, 

so 7i{z){t) e Fix(7r(A;2)). Since 1 ^ ^ < n — 2, we have Fix(7r(a2)) = {n — 1, n}, and thus 
7r(z)(i) G {n — 1, n}. We conclude that z g B„_2,2(§^)/ Bh-2,2(S^) being the subgroup 
of Bn(§^) whose elements induce permutations that leave {n — l,n} invariant. This 
permits us to project equation (|38l) onto B„_2(§^) by forgetting the last two strings. It is 
clear that a.2 (as an element of B„_2,2(§^)) projects to oq (as an element of B„_2(S^)), and 
so A2 = a^-^ (which is an element of B„_2,2(§^)) projects to Oq ^ = A^_2 (as an element 
of B„_2(S^)) by equation dU). We thus obtain: 

z'-VJz' = oJ'a2_2, (44) 

where z' is the image of z under this projection. But n —2 ^4, and applying the analysis 
of the case z = to equation (|44|) yields a contradiction. This proves the result in the 
case i = 2, and thus completes the proof of the proposition. □ 

Remarks 39. 

(a) If i G {0,2} then the converse of Proposition HHE]) holds using the construction of the 
corresponding dicyclic groups of Remark |3l|b]). 

(b) If }i divides n — i where i e {0,1,2}, the braid oc^ admits a block structure using 
arguments similar to those of the second part of Lemma|29l If q = (n — then a may 
be thought of as a collection of q blocks, each comprised of }i strings (see Figures|3]and|4] 
for examples where n — i = 12 and }i=4,as well as Figure [Hf or the case z = 0, n = 6 and 
}i = 3). The first block contains a full twist on its }i strings, and passes over each of the 
remaining q — 1 blocks. If z = 1 (resp. i = 2) then the last (resp. penultimate) string then 
wraps around this first block. Hi =2 then there is an additional final vertical string. 
In terms of the Nielsen-Thurston classification of surface homeomorphisms applied to 
braid groups, these braids are reducible, and a set of reducing curves may be read off 
from these braid diagrams (see IIBNGllGWI for more information). 

One immediate consequence of Proposition |9] is that it allows us to narrow down 
the possible Type I subgroups of B„(S^) involving cyclic or dicyclic factors, with the 
exception of Qg. 

Corollary 40. Let Gbe a Type I subgroup o/B„(S^) of the form f Z. 
(a) Suppose that F is cyclic. 

(i) If\F\ divides 2(n — 1) then G ^ F x Z. 

(ii) If\F\ divides 2(n — i), where i e {0,2}, then either G^FxZorG^FxipZ, where p is 
the action defined in Definitions^ (multiplication by —1). 
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(b) Let m ^ 3 divide n — i, where i e {0, 2], and let F be dicyclic of order 4m with the presenta- 
tion given by equation ©. Then either G ^ F x Z or G ^ F xiyZ, where v is the action defined 
by equation (fl2D . 
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Proof. 

(a) Let G be a Type I subgroup of B„(S^) of the form F Z, where F is cyclic. Up 
to conjugacy, we may suppose by Theorem [T] that there exist i e {0,1,2} and 1^1^ 
2{n — i) such that I divides 2{n — i), and F = {a-), with |F| = 2(n — There exists 
z e B„(S^) of infinite order such that the action on F is realised by conjugation by z, 
so zix\z~^ = ci\^, where gcd (m,2(n — = 1. From Proposition HI = a- if z = 1 and 

g a;"' I if i e {0,2}, which implies the result. 

(b) Let G be a Type I subgroup of B„(S^) of the form F Z, where F ^ TDic4^^ has the 
given presentation, and let the action of Z on F be realised by conjugation by z, where 
z G B„(S^) is of infinite order. Since m ^ 3, (x) is the unique cyclic subgroup of F of 
order 2m, so is invariant under conjugation by z. By part (taJlu]), zxz~^ = 6{l){x) = x^, 
where e g {1, —1}. Further, the elements of F\(x) = (x)y are permuted by the action, 
so zyz"^ = = x^^^^y for some k e {0, 1, ... ,m — 1} and 5 e {0, 1}. If e = 1 (resp. 
e = —1) then consider the action 6' defined by ^'(1) = i o0(l), where i e Inn(F) is 
conjugation by x~^ (resp. by x^^^y). So 9'{l){x) = x, and 9'{l){y) = x^y, which gives 
rise to the two possible actions given in the statement. Since the automorphisms 6{1) 
and ^'(1) of F differ by an inner automorphism, it follows from Proposition l35l that G 
and F X Z are isomorphic. □ 



5 Reduction of isomorphism classes of F Z via period- 
icity 

We now turn our attention to the Type I subgroups G of B„ (S^) of the form F x g Z, 
where F is equal to O* or J*. The arguments of Section |3] showed that there are two 
possible actions. The aim of this section is to rule out the non-trivial action in each 
case, which will imply that G is isomorphic to F x Z. This is achieved in two stages. 
First, in Section |5H we give an alternative proof of the fact that the homotopy type of 
the universal covering space of the configuration spaces F„(§^) and D„(§^) is that of 
§^ if n ^ 2, and that of S"^ otherwise. This result appears to be an interesting fact in 
its own right, and mirrors that for the projective plane MP^ |GG2| . As a consequence. 



in Lemma |4T] we generalise the fact that any nontrivial finite subgroup of B„(§^) is 
periodic of least period 2 or 4 IIGG6I to its infinite subgroups. Secondly, if F g {O*, 7*}, 
in Proposition HH we recall some facts concerning the cohomology of F. From this, it 
will follow in these cases that 0(1) is an inner automorphism, and so by Proposition 
F X0 Z is isomorphic to F x Z. 



5.1 The homotopy type of the configuration spaces F„(§^) and D„(§^) 

The purpose of this section is to describe the homotopy type of the universal cover- 
ing space of F„(S^) and D„(§^). For n = 1, we have Fi(§^) = Di(§^) = which is 
simply connected. So assume from now on that n ^ 2. We give an alternative proof of 
Proposition [10] which is due to l,BCPllFZ| . 
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Proof of Proposition [TOl First observe that F«(§^) and D„(§^) have the same universal 
covering space because fn(§^) is a finite n!-fold regular covering space of D„(§^). 

(a) This was proved in IIGG91 Lemma 8]. 

(b) Let n ^ 1. Consider the Fadell-Neuwirth fibration pn+i' F„+i(S^) — > F„(S^) ob- 
tained by forgetting the last coordinate. The fibre over a point (xi, . . . , x„) e f „ (S^) may 
be identified with (§^\ {xi, . . . , x„}). The related long exact sequence in homotopy is: 

... ^ 7r^+i(f„+i(§2)) ^ 7r^+i(f„(§2)) ^ 7r^(fi(S2\{xi,...,x„})) 

nm{Fn+i{S^)) — > 7rm(f„(§^)) — > nm_i{Fi{S\{Xi, . . . , Xn})) — > ... 

The fact that fi(S^\{xi,. . .,x„}) is a ]<C(7r, 1) -space implies that the homomorphism 
7rm(fM+i(§^)) — ^ 7rm(fn(S^)) induced by Pn+i is an isomorphism for all m ^3 and 
all n ^ 1. It remains to study the case m = 2. 

First suppose that n = 3. From part (taj, F2(§^) has the homotopy type of S^, and 
7r2(f3(S2)) = {1} and 7ri(f3(S2)) ^ Z2 by LFVBJ . Let tp: §3 ^ f3(§2^) ^^^^i that p2 o 
P3 o ^ is homotopic to the Hopf map 7/ (such a 99 exists because 7r3(f3(S^)) is isomorphic 
to 7r3(F2(S^))). We thus have the following diagram that commutes up to homotopy: 



f3(S2 



P2°P3 



li m ^ 3, Tj induces an isomorphism nm{^^) — > rCmi'^'^) ^^id p2 o p3 induces an iso- 
morphism 7rm(f3(§^)) — ^ 7rm(S2). Since 712 (S^) and 712 (f 3 (S^)) are trivial, the com- 
mutativity of the above diagram implies that cp induces an isomorphism nm{^'^) — > 
TZmiF^i^'^)) for all m ^ 2. Lifting to the corresponding universal covering spaces gives 

rise to an isomorphism nm{^^) — > 71^(^3 (S^)) for all m eN, f3(S2) being the universal 

covering space of (S^), and so by Whitehead's theorem, f3 (S^) has the homotopy type 

of S3. 

Let n ^ 3. Then 712 (^^(S^)) = {1} jFVBl and so the homomorphism 



7r^(f„+i(S"))^7r^(f„(S2)) 

induced by Pn+i is an isomorphism for all m ^ 2. Lifting to the universal covering 
spaces and applying Whitehead's Theorem, part ([a]) and induction gives the result. □ 



5.2 A cohomological condition for the realisation of Type I virtually 
cyclic groups 

In this section we apply Proposition [10] to derive a necessary cohomological condition 
for an abstract group to be realised as a subgroup of B„(S2). If f = O*, J*, this will 
allow us to rule out the possibility of F x g Z for the non-trivial action for each of these 
groups described in Section |3l Following |AS| , we recall the definition of a periodic 
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group which extends the classical definition for finite groups. By Definition 2.1 and 
the definition given just before Corollary 2.10 in [ASJ, we say that a group G is periodic 
of period ^ 1 if there exist a non-negative integer tq ^ and a cohomology class 
u e H'^{G,7j) such that the homomorphism ¥^{0, A) H^^'^{G, A) is an isomorphism 
for all r ^ tq and for all local coefficient systems A. From IIASi Corollary 2.14], if a 
discrete group acts freely on a finite-dimensional CW-complex of dimension m whose 
homotopy type is that of the sphere S'^~^ then the group G is periodic. By a standard 
argument using the spectral sequence associated to the covering of the orbit space, it 
is not hard to see that is a period, and that we can take tq = m + 1. An obvious 
consequence of the above is the following lemma. 

Lemma 41. Let n ^ 3, and let G be a group abstractly isomorphic to a subgroup o/B„(S^). 
Then there exists ^ 1 such that H^(G, Z) ^ H^^^{G, 1>)for all r ^ r^. 

Proof. Since the universal covering space D„(S2) of D„(S^) is a finite-dimensional CW- 
complex, it is a homotopy 3-sphere by Proposition [TOlla| . Any subgroup of B„(S^) acts 

freely on D„(S^), and thus is periodic of period 4. Taking A = Z yields the result. □ 

We now apply Lemma ST] to the Type I groups of the form F Z. If a group G acts 
on a module A, let A^ denote the submodule of A fixed by G, and let Aq denote the 
quotient of A by the submodule generated hy {a — ga \ a e A, g e G). 

Lemma 42. Let G = F xigZ, where F is a finite periodic group and 9 e Hom{Z,Aut (f )), 
and let 9(1)^^^ : H\F, Z) — > H'{F, Z) be the induced automorphism on cohomology in dimen- 
sion i. Then H*{G,Z) is as follows: H^{G,Z) = Z, H^(G,7j) = Z, and for all i e N, 
H^\G,Z) = H^' {F,Zf and H2'+1(G,Z) = H^'{F,Z)z with respect to the Z-module struc- 
ture on H^' (F, Z) induced by 9. 

Proof Consider the Lyndon-Hochschild-Serre spectral sequence associated with the 
short exact sequence 

1 — — >G — >Z — ^1. 

The E2-term of this spectral sequence, given by HP(Z, H'?(f, Z)), vanishes if p ^ {0,1} 
because the cohomological dimension of Z is equal to one. So outside of the two vertical 
lines given by p = and p = 1, the terms vanish which implies that all differentials are 
necessarily trivial, and so the spectral sequence collapses. Further, since the cohomo- 
logy of F in odd dimension vanishes, there is at most one non-trivial group £2'^ with 
p + q = r for each given r. Hence there is no extension problem from Eqo to H*(G), and 
it suffices to compute the E2-term. The result follows from the well-known description 
of the cohomology of Z with coefficients in A (see [|Brl Chapter III, Section 1, Example 
1]). □ 

We now seek necessary conditions for the group G to have least period either 2 or 
4. Let d be the least period of F. Then d is the least integer for which H'^{F, Z) = Zj^ |, 

and if H^'{G,Z) = H^'{F,Tf ^ Zjf j then e(l)(20 = Id. So there exists keN such that 
2i = kd. Let fco be the least integer for which 9(1)^^°'^^ = Id. If G is periodic, its period is 
necessarily a multiple of kod. In particular, if the least period of G is equal to either 2 or 
4 then ko e {1,2} if = 2, and ko = liid = 4. 
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Remark 43. The additive structure of the cohomology of the virtually cyclic groups of 
Type I with integer coefficients was computed in detail in |Je| for the cases where F 
is one of the groups of the form Zq x Zj, or Z^ x {Zj, x Q2')- This corresponds to the 
first two families of the classification of the finite periodic groups given by the Suzuki- 
Zassenhaus Theorem | |AMl Theorem 6.15]. 



Based on Lemma|42]and the knowledge of the cohomology of finite periodic groups, 
we obtain the following result. 

Proposition 44. LetF e {0*,r},andlet G >^0ZbeaTypeIsubgroupofBn{S'^). Then 
6(1) is an inner automorphism ofF. 

Proof. Suppose first that f ^ O*. By BGoGll p. 39], the group O* has period 4, and the 
induced automorphism on H^(0*,Z) = Z48 is trivial if 6(1) is an inner automorphism, 
and multiplication by 9 (so is non trivial) otherwise, thus the result follows. 

Now suppose that F = I*, which we interpret as SL2(F5). The non-trivial element of 
Out (7*) is represented by the automorphism of J* which is conjugation by the matrix 
(01)' '^here w is a non square of F5 [|AMl page 152]. From ||GoG2l Proposition 1.5], the 
induced automorphism on the 5-primary component of the group H^(7*,Z) = Z120/ 
which is isomorphic to Z5, is multiplication by —1. For the trivial element of Out (J*), 
the induced homomorphism is trivial and the result follows. □ 



6 Necessity of the conditions on Vi (n) and V2(n) 

Let n ^ 4. In this section, we prove Theorem ISjl]), which shows the necessity of the 
conditions on Vi(n) and ¥2(71). We start by considering the subgroups of B„(§^) of 
Type I, and then go on to study those of Type IL 

6.1 Necessity of the conditions on Vi (n) 

We gather together the results of the previous sections to prove the following proposi- 
tion, which is the statement of Theorem |5l(l]) for the Type I subgroups of B„(§^). 

Proposition 45. Let n ^ 4. Then every virtually cyclic subgroup o/B„(S^) of Type I is 
isomorphic to an element o/Vi(n). 

Before proving Proposition |45l we state and prove the following result which shows 
that if f is a dicyclic subgroup of B„(S^) then up to conjugacy, it may be taken to be a 
subgroup of one of the maximal dicyclic subgroups Dic4(„_(), i e {0,2}. 

Lemma 46. Let n ^ 4, and let H be a subgroup o/B„(§^) isomorphic to Dic^jfj, where m ^ 2. 
Then there exists i e {0,2} such that H is conjugate to a subgroup of the standard maximal 
dicyclic subgroup Dic^n-i) ofRemark^^. 

Remark 47. Under the hypotheses of Lemma |46l we have that m \ n — i. 
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Proof of Lemma l46l Let H ^ Dic4m, where m ^ 2. By IIGGSi Proposition 1.5(2)], H, as an 
abstract finite group, is realised as a single conjugacy class in B„(S^) with the exception 
that when n is even and m divides (n — z)/2, i e {0,2}, there are exactly two conjugacy 
classes. Using the subgroup structure of dicyclic groups and the construction of [GG5l 
Theorem 1.6], it follows that H is conjugate to a subgroup of the one of the standard 
maximal dicyclic subgroups Dic4(„_;) of B„(S^), where i e {0,2}. □ 

Proof of Proposition \45\ Let G be a infinite virtually cyclic subgroup of Bm(§^) of Type I. 
Then G is of the form F xg Z, where F is a finite subgroup of Bjj(S^), and 6{1) e 
Hom(Z, Aut (F)). We separate the discussion into two cases. 

(a) Suppose that F is isomorphic to one of the binary polyhedral groups T*,0*, J*. 
Then n must satisfy the conditions given in Theorem |2] for the existence of F as a 
subgroup of B„(S^). Applying Proposition |35l, up to isomorphism, we may restrict 
ourselves to representative automorphisms 9{1) of the elements of Out (F) = Z2 given 
in Section lU If 6(1) = Idp then G ^ F x Z, and these are the elements of Vi(n) given 
by Definition HKT) (HI, ^ and (fl) for the given values of n. So suppose that 6(1) repres- 
ents the nontrivial element of Out (F). By Proposition l44l F ^ O*, J*, so F ^ T*, and 
G is isomorphic to the element of Vi (n) given by Definition |4Kl])([g|), the action co being 
that of equation (|T4|) . Since n must be even for the existence of T*, it remains to show 
that n = 0, 2 mod 6. Suppose on the contrary that n = 6Z + 4, where I e N, and sup- 
pose that T* x^ Z is realised as a subgroup L of B„(S^), with the T*-factor (resp. the 
Z-factor) realised as a subgroup H (resp. <z)) of B„(S^). Let (|T3|) denote a presentation 
of H. By the definition of co, we have that a;(l)(X) = by equation ((T4|) . On the 
other hand, X is of order 3, so up to conjugacy and inverses, it follows from Theorem [1] 

that X = a;^'^""^^'^^ = a^'"*"^. Since the action a; of Z on H is realised by conjugation by 
z, we have a;(l)(X) = zXz~^ in L, which implies that zXz~^ = X~^. Abelianising this 
relation in Z2(„_i) yields ^(X) = ^(X~^). However, 



^(X) =^(<+^) = n(4l+2) = (6l+4)(4/+2) =4Z+2 
in Z12/+6/ so ^(X) 7^ ^(X~^), and we obtain a contradiction. 

(b) Suppose that F is not isomorphic to any of the three binary polyhedral groups 
T*, O*, I*. Proposition [85l implies that F is cyclic or dicyclic. If F is dicyclic, isomorphic 
to Dic4m for some m ^ 2, then Lemma |46] implies that up to conjugation, F is a sub- 
group of one of the standard dicyclic groups Dic4(„_;), i e {0,2}, and m \ n — i. If 
m = 2 then F = Qg and n is even. Furthermore, by Lemma |36l, up to an element of 
Inn (F), 6(1) e {Idgg, a, /3}, so G is isomorphic to an element of Vi(n) given by Defini- 
tion |4l(l])(te]). If m ^ 3 then Corollary |40l|b|) applies, and up to an element of Inn (F), there 
are two cases to consider: 

(i) 6(1) = Idf, in which case G = Dic4m xZ. Since F admits a cyclic subgroup of order 
2m, the realisation of G implies that of 1j2m x Z. li m = n — i then up to conjugacy, 
we may suppose by Theorem [1] that the cyclic factor is generated by oci, but this con- 
tradicts Proposition ISTl and hence m < n — i. Thus G is an element of Vi(n) given by 
Definition lltl])©. 
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(ii) G ^ Dic4m Xi/Z, where v(l) is given by equation ((T2)) . Let F have the presentation 
given by equation dU). Abelianising the relation v(l)(i/) = xy in B„(§^) implies that 
the exponent sum of x is congruent to zero modulo 2(n — 1). On the other hand, x 

is of order 2m, so by Theorem [His conjugate to Pi^"~''^^'^, where gcd (1, 2m) = 1. In 
particular, I is odd. Now the exponent sum of ocj is congruent to n — 1 modulo 2(n — 1), 
and since that of x is congruent to zero modulo 2{n — 1), it follows that l{n — i)/m is 
even, and consequently (n — i)/m is even. Thus G is an element of Vi(n) given by 
Definition mi])©. 

Finally, suppose that f is cyclic of order q, say. By Theorem [l] there exists i e {0, 1, 2} 
such that q divides 2(n — i), and up to conjugacy, f = <^a:^*^" '■'^''^^ Applying Corol- 
lary |40l|aD, we have that d{l) e {Idf, - Idf} up to an element of Inn (f ). If e{l) = Idf 
then G = F X Z. But F cannot be maximal cyclic, for then its centraliser would contain 
an element of infinite order, which contradicts Proposition ISTl so q ^ 2{n — i). Further, 
ifn — i is odd then q ^ n — i, for then <^a;?A^^ = (a,) would be of order 2{n — i), and its 
centraliser would contain an element of infinite order, which contradicts Proposition |3T] 
once more. Hence G is isomorphic to an element of Vi(n) given by Definition|4l(T])(ta)). 
So suppose that Q{1) = — Idf . Then G ^ F Xp Z, where p is the action by conjugation 
for which p{l) is multiplication by —1. By Corollary l40lja|) , we have i e {0,2}. Further, 
the subgroup of G isomorphic to F x^ 2Z is abstractly isomorphic to F x Z, and so we 
conclude from the previous case that q ^2(n — z), and that q ^ n — iiinis odd. Hence 
G is isomorphic to an element of Vi (n) given by Definition HHlJdb]). This shows that any 
virtually cyclic subgroup of B„(§^) is isomorphic to an element of the family Vi(n) as 
required. □ 



6.2 Necessity of the conditions on V2(n) 

We now prove Theorem |5l(l]) for the Type II subgroups of B„(§^). 

Proposition 48. Let n ^ 4. Then every virtually cyclic subgroup of Bn{S'^) of Type II is 
isomorphic to an element o/V2(n). 

Remark 49. Combining Propositions |45l and |48l yields the proof of Theorem |5)(T]). 

Proof of Proposition HS] Let G be an infinite virtually cyclic subgroup of Bn (§^) of Type II. 
Then G = Gi ^i^f G2, where F, Gi and G2 are finite subgroups of Bn (S^), and F is of index 
2 in Gj, i = 1, 2. Suppose first that one of the Gj, Gi say, is binary polyhedral. Then 
Gi ^ O* since T*, I* have no index 2 subgroup, F = T* since T* is the unique index 2 
subgroup of O*, and G2 = O* since O* is the only finite subgroup of B„(S^) to have T* 
as an index 2 subgroup. Thus G = O* ^j* O*, which is the element of V2('^) given by 
Definition lllZl) (HI). 

Assume now that the Gj are not binary polyhedral. By Remark [Slja]), the Gj are cyclic 
or dicyclic, and since they possess an even index subgroup, they are of even order, so 
both contain the unique element of order 2. This implies that F = Gi n G2 is of even 
order, so the Gy are in fact of order Aq for some q e N. 

Suppose that one of the Gy, Gi say, is cyclic. Then Gi ^ Z4^ and F ^ Z2q. By 
Theorem [ij there exists z e {0,1,2} such that 4q \ 2{n — z), so q \ (n — z)/2. If G2 = 
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G is isomorphic to the element of V2(w) given by Definition 111(2]) ©• If G2 = Dic4^ then 
q ^ 2, and there exists i' e {0,2} such that q \ n — i' hy Lemma |46l But n — i' = 

2 {^^^ + ~ ^')' ^ I ^~ ^' ' since q ^2, we must have z e {0, 2}. In this case, G is 
isomorphic to the element of V2('^) given by Definition [4pl) ([b]) . 

Finally, suppose that Gi ^ G2 = Dic4^^, where q ^ 2. Then f ^ Z2(j or f ^ Dic2^, 
and there exists i e {0,2} such that q \ n — ihy Lemma |46l If F ^ Z2^ then by standard 
properties of the amalgamated product G = Gi G2, G has an index 2 subgroup G' 
isomorphic to F x g Z for some g Hom(Z, Aut (F)). Since F is cyclic, 0(1) g {Idf , — Idf } 
by Corollary l40lfa|) (fill), and hence the subgroup F x g 2Z is abstractly isomorphic to F x Z. 
It follows from Theorem [T] and Proposition 1311 that q ^ n — i, and so G is isomorphic to 
the element of V2('^) given by Definition HKI])©- Now suppose that F = T)ic2q- Then q ^ 
4 is even, and hence G is isomorphic to the element of V2('^) given by Definition |4l|2])([d]). 

□ 

Remark 50. The cohomological property of Section |5^ used to define the family Vi (n) 
appears to be important in this case. We do not know of an example of two finite 
periodic groups Gi, G2 of the same period d for which the amalgamated product G\ 
G2 does not have period d. The Mayer- Vietoris sequence [|Brt Chapter II, Section 7, 
Corollary 7.7] suggests that such an example may not even exist. 



43 



Part II 

Realisation of the elements of Vi(w) and 
V2(n) in B„(§2) 



In this Part, we prove that with a small number of exceptions (those described in Re- 
mark [S), the isomorphism classes of V(n) given in the statement of Theorem |5ll2l) are 
indeed realised as subgroups of Bn(S^). For the realisation of the Type I groups, the 
cases f = Z^, f = Dic4m {m ^ 3), f = Qg and f = T*,0*, J* will be treated in Sec- 
tions [H 12113] and |4] respectively, and the results will be brought together in Section |5l 
The realisation of the Type II groups will be dealt with in Section [6l and this will enable 
us to prove Theorem |5)|2) in Section [71 In the first three cases, the constructions are al- 
gebraic, but are heavily inspired by geometric considerations, and it may be helpful for 
the reader to draw some pictures. If F is binary polyhedral, the corresponding virtu- 
ally cyclic groups will be obtained geometrically by considering certain multitwists in 
AiCQ (§^, n), and then lifting the corresponding mapping class to an element of B„ (S^) 
via equation (fTT]). Theorem |5l|3l) will be proved in Section |4T1 In Section [H we discuss 
the question of the number of isomorphism classes of the Type II virtually cyclic sub- 
groups of Bn (S^), which will enable us to prove Proposition [TTl Finally, in Section|9l we 
apply Theorem |5] and Proposition Il2l to the problem of the classification of the virtually 
cyclic subgroups of AiCQ (§^, n), from which we will obtain directly Theorem HH 



1 Type I subgroups of B„(S^) of the form F x Z with F 
cyclic 

Let n ^ 4, and let f be a finite cyclic subgroup of B„(§^). In order to construct elements 
of Vi(n) involving F, we require elements of B„(S^) of infinite order whose action on 
F by conjugation is compatible with Proposition IH Since these actions are given by 
multiplication by +1, we will be interested in finding elements z e B„(S^) of infinite 
order for which zxz~^ = x-^ for all x e F. This comes down to studying the centraliser 
and normaliser of F in B„(S^). Note that by Theorem[Tl there exist i e {0, 1, 2} and ^ 
m < 2{n — i), m \ 2{n — z), such that F is conjugate to (a;^^. Since conjugate subgroups 
have conjugate centralisers and normalisers, we may suppose for our purposes that 

F = (cir\ 
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1.1 Type I subgroups of the form x Z 

We first study the centralisers of powers of the a,, i e {0,1,2}, which will give rise to 
Type I subgroups of the form x Z. 

Lemma 51. Let n ^ 4, and let i e {0, 1, 2}. Sup-pose that w e N divides 2{n — i), and let 

ifm \ n — i 
ifm )( n — i. 

Then: 

(a) r I n-z>ndZB^^(g2)(«» = Zg^^gz) 

(b) J/r = lfaZB^(g2)«af 

(c) Ifr^l then ZB^(g2)({a-")) 3 (5r,i), where the element 

{n—i—r)/r 

Srj = CTiCTr+i- ■ ■Cr„_i_r+i = ^kr+l (45) 

k=0 

is of infinite order. 
Proof. 

(a) The statement clearly holds if m | n — i. So suppose that m )( n — i. Since qm = 
2(n — i) for some q e N, we have q/2 = (n — i)/m. Thus q is odd, m is even, r = m/2 
is an integer and q = {n — i)/r, which proves the first part of the statement. For the 
second part, note first that Zg^^(-g2-)({A:[)) a Zg^^ (-g2-) ((a ■"^). Conversely, suppose that 

z e B,i(S^) commutes with af. Then z commutes with by equation ©. 

Further, af is of order q, which is odd. Hence a:-"A^ is of order 2q. Since aj^A^ g {cci) 
and = 2q, we have ^ft;|"A^) = ioc\^, so z commutes with cJ-, and this completes 

the proof of part (taj. 

(h) If r = 1 then Zg^^(g2)({A:"^)) = Zg^^(g2)«a;; » = (a, ) by part (tU and Proposition HI 
(c) Suppose that r ^ 2. We first show that 5r,i is of infinite order. Assume on the 
contrary that Sy^i is of finite order. By Theorem [H there exist I e {0,1,2} and ^ < 
2{n — i) such that Sy^i is conjugate to a^. Since r ^ 2, the permutation n{5y^i) consists of 
the product of s disjoint transpositions, plus n — 2s fixed points, where s = (n — i)/r. 
In particular, 5r^i ^ P„(S^), so Syj 9^ A^, ji 7^ n — / by equation (|8]), and T[(Sr^i) has 
exactly I fixed points. Suppose first that I e {0,2}. Since ^(a;) = n — 1 in Z2(„_i), 

?(^r,i) = ^(^n = s belongs to the subgroup (n — 1^, so there exists A e N such that 
A(n'- 1) = s. But 

n - 1 ^ A(n - 1) = s = (n - i)/r ^ n/2, 

so n ^ 2, which yields a contradiction. Hence / = 1, 7r((J;- has a single fixed point, thus 
1 = n — 2s = (rs + z) — 2s = s(r — 2) + i, and z g {0, 1}. If z = then s = 1 and r = n = 3, 
which gives rise to a contradiction. So z = 1, r = 2, n = 2s + 1 (which implies that n ^ 5) 
and Srj = ^2,1 = o'lO's ■ ■ ■ o'n-i- But ^2,1 belongs to the subgroup B„_i4(S^) of n-string 
braids whose permutation fixes the element n. Under the projection B„_i4(S^) — > 
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B„_i(S^) given geometrically by forgetting the last string, ^2,1 is sent to the element 
^2,0 of B„_i(S^), which must then also be of finite order. However, using the fact that 
n — 1 ^4, the above discussion implies that the element ^2,0 of Bw-i(§^) is of infinite 
order, hence the element ^2,1 of B„{S^) is also of infinite order. 

It remains to prove that Srj commutes with ocf^. By part ([a]), it suffices to show that 
it commutes with a^-. First note that the product in equation (|45l) is taken over k = 
0, 1, . . . , s - 1. If ^ ?c ^ s - 2, we have 

1 + (kr + 1) ^ r(s — 1) + 1 = n — i — (r — 1) ^ n — z — 1 since r ^ 2, 

and hence a^cr^.^+ia"'' = Cgc+iy+i by equation (|23l) . If = s — 1 then 

a'cr^s-i)r+i'>^i'' = oc\crn-i-{r-i)0^~' = oi}(rn-i-\Oi~^ by equation (HD 



= (7i by equation (|24|). 
Since r ^ 2, the terms (7)cy+i, ^ A: ^ s — 1, commute pairwise, and so 

using the previous calculations. This completes the proof of the proposition. □ 

Proposition 52. Let n ^ 4, and let q e 'H. Then BniS^) possesses a subgroup isomorphic 
to Tj X if and only if there exists i e {0,1,2} such that the following three conditions are 
satisfied: 

(i) q divides 2{n — i). 

(ii) 1 ^ q ^ n — i. 

(Hi) q<n — iifn — iis odd. 

Proof The necessity of conditions ©-dm]) was proved in Proposition |45l Conversely, 
suppose that there exists i e {0, 1,2} such that the conditions are satisfied. Then 

m = 2{n — i)/q is an integer greater than or equal to two. Consider the subgroup (^oi^y 
of B„(§^), which is isomorphic to Z^. With the notation of Lemma ISTl 

• if m I n — i then r = m ^2. 

• ifm)(n — i then q is odd, m is even and r = m/2. If r = 1 then m = 2 and so q = n — i, 
but this contradicts condition (jiiil). Hence r ^ 2. 

So by Lemma ISTljcl) , Sy^i e ■Zg^_(^g2)(<^ap)), and thus the subgroup (af,Srjy of B„(S-^) is 
isomorphic tolj x as required. □ 

1.2 Type I subgroups of the form Z,^ Z 

In this section, we consider the realisation in B„(S^) of Type I groups Xp Z, where 
p e Hom(Z, Aut (Z^j)), and p{l) is multiplication by —1. 
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Proposition 53. Let n ^ 4, and let q e N. Then B„(§^) possesses a subgroup isomorphic 
to "Zq xe Z,/or some action 6 e Hom(Z, Awi (Z^)), 0(1) ^ Idz^, if and only if the following 
conditions are satisfied: 

(i) q divides 2{n — i), where i e {0,2}. 

(ii) 3 1^ q n — i, and q < n — i ifn is odd. 
(Hi) 6(1) = p{l). 

Proof. Suppose first that B„(§^) possesses a subgroup isomorphic to Zq xig Z, where 
6(1) 9^ Idz,- Proposition |45] implies that conditions ©-diiil) are satisfied (note that if 
qe {1,2} then 9(1) =ldz^). 

Conversely, suppose that conditions ©-(Unl) are satisfied, and let m = 2(n — i)/q. 
From the proof of Proposition |52l, and making use of the notation of Lemma |5T} we 
know that r 5; 2 and that (oi^, ^r,f) is isomorphic to Jjq x Z. We will modify slightly 
the generator 5y i of the Z-factor in order to obtain an action on a"' that is multiplication 
by —1. To achieve this, let A'„ = a^^A^^o. Equation (|TOl) implies that aj^ = ls!^ciiA'~^. 
Now let S[ J = A^^^ Since 5y^i commutes with aj", we have that 5'^ i^^TKl^ ^ '^7^' 



which will give rise to the required action on (cn-^y. We claim that 5'^- is of infinite 

order. This being the case, the subgroup (^^'yir^f'^ of B„(§^) is isomorphic to Z^ Xp Z, 

where p{l) = — Id^^, which will prove that the conditions (p])- (|iii|) are sufficient. To 

prove the claim, first note that since A^ is central and of order 2, it suffices to prove that 
j6 = S'^iA~^ is of infinite order. Further: 

^ = {A'Jr,ifA~^ = ao"^A„ao^r,/'^(^^A-iao^r,/ 
= a^^A„(7i(7^+i • • • cr„_i_2r+iCn-i-r+i^n^'^o^r,i by equations (|TOl) {i = 0), and (|45l) 
= a.Q'^cri_^_j._iai+2r-i ■ ■ ■ Cn-r-iCn-i^o^r,i using equation and the fact that r ^ 2 

OiQ^CTi+r-lO^O- 0-i+2r-3 ' ' ' (rn-r-30'n-3^r,i if Z + r ^ 3 

■Z^'i+lr-Z ■ ■ ■ crn-r-30'n-30'\0'r+\ ' ' ' O'vi-lr-i+l^'n-r-i+l if + r J; 4, 

using equation (|23l) . We distinguish these two cases: 

(a) i + r ^ 4. Then n — (i + r) + 1 ^ n — 3, and the last two strings of /3 are vertical. If 
/3 were of finite order, it would have to be conjugate to a power of 0.2 using Theorem [T] 
(observe that this is also the case if fi is pure, since the only nontrivial torsion element 
of P„(S2) is a2, which is a power of a.2 by equation (|8])), and so its Abelianisation ^ (/3) 
would be congruent to modulo n — 1. On the other hand, ^(/3) = ^(c^^,) is congruent 
to 2{n — i)/r mod 2(n — 1). So there exists A e N such that 2{n — i)/r = A(n — 1). Hence 
Xr{n — 1) = 2{n — i) = 2{n — 1) + 2(1 — i), and since 1 —i e {1, —1}, this implies that 
n — 1 2, which is impossible. So j6 is of infinite order. 

(h) i + r ^3. Since r ^2 and i e {0,2}, we must have i = and r e {2,3}. Suppose first 



that r = 3. Using equation (|23|) , we obtain: 



|6 = ^(^Q V2C75 ■ ■ ■ (r„_4(r„_ia:o)(a:oC7i(r4 • • • (r„_5(r„_2aQ ^)a;o 

= a(^^(c^lC^2t7-4(7'5 • • •(7-«-5t7-„_4C^„-2C^„_l)ao- 
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Now 3 I n by Lemma ISTHal) and n ^ 4, so n ^ 6. Thus the projection of Uq^iXq onto 
the first six strings is the braid fi' = (Txcr^cfisST^ e B(,(S'^). If jS' were of finite order, by 
Theorem [H it would be conjugate in B6(S^) to some power of = (Ti ■ ■ ■ 05 (because its 
permutation has no fixed point), so its exponent sum would be congruent to 5 modulo 
10. But this is clearly not the case, and so fi' and fi are of infinite order in their respective 
groups. Now assume that r = 2. Then 

|6 = a^ViCTg • • • (r„_3(7„_ia§(ri(r3 • • • (7„_3(r„_i = (r^(r| • • • (r^_3(r^_i 

by equations (|23|) and (|24|) . The projection of j6 onto 64(8^) by forgetting all but the 
first four strings gives rise to the element (7^03 of P4(S^), which is equal to ^20 equa- 
tion (Us), and so is of infinite order by Lemma ISTljcj) . This implies that fi is also of infinite 
order. 

So in both cases, /3 is of infinite order, and hence so is S'^ ^. This completes the proof of 
the claim, and thus that of the proposition. □ 



2 Type I subgroups of B„(S^) of the form f x Z with f 
dicyclic, F ^ Qs 

Let n ^ 4 and i e {0,2}. In this section, we consider the realisation in B„(§^) of Type I 
subgroups of the form F Z, where F ^ Dic4s, s ^ 3. By Proposition |45l, there are 
two possible actions of Z on Dic4s to be considered. The trivial action, given by Defini- 
tion HUcJ will be analysed in Proposition |54l while the nontrivial action, given by Defin- 
ition Hldl) will be studied in Proposition |56l 

Proposition 54. Let n ^ 4 and let s ^ 3. Then Dic^g is realised as a subgroup o/B„(S^) 
if and only if there exists i e {0,2} such that s divides n — i strictly. 

Remark 55. In other words, if i e {0, 2} and s ^ 3 divides n — i then Dic4s x Z is realised 
as a subgroup of B„(§^) if and only if Dic4s is non maximal. Further, the value of i e 
{0,2} is unique since s ^ 3. 

Proof of Proposition \5M The necessity of the condition was shown in the proof of Propos- 
ition |45l|b])(|i]). Conversely, suppose that z e {0,2}, let s ^ 3 be such that s divides n — i 
strictly, so s ^ (n — i)/2. Set m = (n — i)/s ^ 2. Then 2 ^ m ^ (n — i)/3. Consider the 
subgroup <^fl;-",p'"), where 



p = {a\ - ■ ■ 0-m-\){(rm+\ ■ ■ ■ 0'2m-\) ' ' ' (c^(s-l)m+l ' ' ' O'sm-l) (46) 



n 

7=1 



We claim that the bracketed terms of equation (|46l) are permuted cyclically under con- 
jugation by cif. To prove the claim, first suppose that ; e {1, . . . , s — 1}. Since jm — 1 + 



m = (; + l)m — 1 ^ sm — 1 = n — z — 1, it follows from equation (|23|) that 
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Now suppose that j = s. Then 

ffl / \ — 



''m—1 



niti 
^n—i—m+k^i 

fc=l 
fi—1 

fc=i 
n— 1 



O'l ■ ■ ■O'm-l, 



(48) 



by equations (|23l) and equation (|24|) . The claim then follows from equations (|47|) and (|48|) . 
The fact that the bracketed terms of equation (|46l) commute pairwise implies that 
and |0 commute, and that e P„(S^). If p"' were of finite order then p^ e (A^^, so 
^(p'") = n — 1 modulo 2(n — 1), and the exponent sum of p^^ would be congruent to 
modulo n — 1. On the other hand, the exponent sum of p^^ modulo n — 1 is equal to: 



sm{m — 1) = (n — i){m — 1] 



(n - l)(m - 1) + (1 - i){m - 1) = (1 - i){m - 1). 



(49) 



Since 1 — z e {1, — 1}, n — 1 would thus divide m — 1, which is not possible because 
2 ^ m ^ (n — z)/3 < n. Thus p is of infinite order, and hence (cif,p^y ^ x Z. 

Using the element A„ and the subgroup (ocf, p'^y, we will now construct a subgroup 
isomorphic to Dic4s x Z, which will complete the proof of the proposition. First note that 
for all 1 ^ /i < ;2 ^ — 1/ the relation 

{cTj^ ■ ■ ■ crj^-ry'-n+^ = K-i<rj,.2 ■ ■ ■ <r^,y^-^^^^ (50) 

holds in B„ (c/. [MKl Chapter 2, Exercise 4.1], and using the fact that B;2-ji embeds in 
Bn), and so holds in B„(§^). Now 



A 



W (^C^m(s-7+l)+/-l ■ ■ ■ C^m(s-/)+!+l 



W {^m{s-i)+l ■ ■ ■O'mis-j+l)-! 



by equation (jZ| 
by equation ((50)) 



I n [^m{s-i)+l 



■cr, 



m(s— j+l)— 1 



' by equation (|23|) 



{f^m{j'-l)+l- ■ ■O'mj'-l 
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taking j' = s — j + 1, and using also the fact that the inner bracketed terms commute 
pairwise. It follows from equation (fTO)) that A„ commutes with the element p'^^ = 

a^^p^oiQ^^^. Since ^a-"', A„^ ^ Dic4s where a.'^ = ct^'^oifoiQ^^^, it follows that the group 
Ci'-^\ A„, |0"") is isomorphic to Dic4s xZ as required. □ 



We now turn our attention to the other possible action in B„ (S^) of Z on the dicyclic 
subgroups. 

Proposition 56. Let n ^ 4 and s ^ 3, and consider the Type 1 group G = Dic^g XvZ, where 
V is defined by equation (fT2D . Then B„(S^) possesses a subgroup isomorphic to G if and only if 
the following two conditions are satisfied: 

(i) s divides n — ifor some i e {0, 2}, and 

(ii) (n — i)/s is even. 

Proof. The necessity of the conditions was obtained in part ©dUl) of the proof of Pro- 
position |45l Conversely, suppose that conditions (0) and ^ hold. Set m = {n — i)/s, 

and let a' = ccQiXiCiQ'^ = cc^oiiOiQ Since m/2 g N by condition dn]), we may consider 
the subgroup /ci^^'^,ls.n) of B„(S^) which is a dicyclic subgroup (of order 8s) of the 



standard copy of Dic4(„_;), and which contains the dicyclic subgroup (ci'l^, of order 

4s. Taking x = a'"^' and y = A„, the action by conjugation of a'-^^'^ on (x, y) coincides 
with that given by 0(1) in the statement of the proposition. From the proof of Propos- 
ition |54l the subgroup (a'^ , An, p'^y is isomorphic to Dic4s xZ, p'^^ being as defined in 

that proof. We claim that oc'^^'^p'^ is of infinite order. This being the case, the subgroup 

(k.'^ , An, oc'^^^ p'"^^ is isomorphic to Dic4s x^^/ which will complete the proof of the 

proposition. To prove the claim, we suppose that a'^^'^p'^ is of finite order, and argue 

for a contradiction. Since p'^ e P„(§^), n{ix!^^'^p'^) = K{Di^^^). Now a'^^'^ is of order 4s, 

and the cycle decompositions of n{oi^^'^) and 7i{a'^^'^p'^) consist of m/2 2s-cycles (and 
i fixed elements). The fact that the finite order elements of Pn(§^) are the elements of 

then implies that a'^^'^p'^ is of order ks, where k e {2,4}. Now ocf^^^^ also gener- 
ates a subgroup of order ks, and since ks ^ 6, by IIGG51 Proposition 1.5(2)], there is a 
single conjugacy class of such subgroups in B„(§^). So there exist 7 g B„(S^) and A e N, 
with gcd(A,2s) = 1, such that 0.'"^^^/^ = ya'^'"^^p'^'y~^. But ^(a-) = modulo n — 1, and 
so it follows that ^{p'^) = ^{p"^) = modulo n — 1. But using equation (|49)) , we saw 
in the proof of Proposition |54] that this is not the case. This yields a contradiction, and 
proves the claim. □ 



3 Type I subgroups of B„(S^) of the form Qs Z 

The aim of this section is to prove the existence of Type I subgroups of B„(S^) of the 
form Qg X Z. As we saw in Lemma |36l up to isomorphism it suffices to consider the 
two actions a. and /3 defined in Definition |4l|l])(|e)), of order 3 and 2 respectively. We start 
by showing that the existence of the Type I subgroup T* x Z (resp. of T* x<^ Z, for the 
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nontrivial action co given by equation ((T4|)) implies that of Qg ^ (resp. of Qg Z). 
Using the results of Section IIII41 this will imply the existence of Qg >^ a ^ arid Qg x ^ Z 
as subgroups of B„(S^) for most even values of n. In the second part of this section, we 
exhibit explicit algebraic constructions of Qg Z (resp. Qg x^ Z) for all n = mod 4, 
n ^ 8 (resp. all n ^ 4 even). 

Proposition 57. 

(a) The group T* x Z possesses a subgroup isomorphic to Qg x^ Z. 

The group T* x^^ Z/or i/ze action defined by equation (fl4l ) possesses a subgroup isomorphic 
to Qg X ^ Z. 

Proo/. Consider T* = Qg x Z3 given by the presentation (|T3l). 

(fl) Let G = T* x Z, and let Z be the generator of the Z-factor. Since X and Z commute, 
the group (XZ) is of infinite order and its action on Qg by conjugation permutes cyc- 
lically the elements P, Q and PQ of <P, Q). Hence (P, Q, XZ) = Qg x^ Z, where a is as 
defined in Definition |4l|l])(|e]). 

(b) Let G = r* x^ Z, let Z be the generator of the Z-factor. The action of Z on T* by 



conjugation coincides with that of equation fM)) . The restriction of this action to <P, Q) 
exchanges P and QP, and sends Q to Q~^. Thus (P, Q, Z) ^ Qg x^ Z, where /3 is as 
defined in Definition l4l|T|)(jel). □ 

Remark 58. The realisation of T* x Z (resp. T* x^ Z) as a subgroup of Bn(§^) for n even 
and satisfying n = 12 or n ^ 16 (resp. n = 0,2 mod 6 and satisfying n = 24 or n ^ 30) 
will follow from Propositions [62] and [66l Proposition |57| then implies the existence of 
Qg x^ Z (resp. Qg x^ Z) as a subgroup of B„(S^) for these values of n. 

We now turn our attention to the problem of the algebraic realisation of Type I sub- 
groups of the form Qg x Z. In most cases, the existence of these subgroups follows by 
combining Proposition |57] with Propositions [62] and [66] As we shall see later, we will 
prove these two propositions using geometric constructions in A4CQ (S^, n). Before do- 
ing so, we exhibit explicit algebraic representations in terms of the standard generators 
of B„(S2), and in some cases, we obtain their existence for values of n that are not 
covered by these propositions. We start by defining certain elements that shall be used 
in the constructions, and in Lemma [59l we give some of their properties. Let n ^ 4 be 
even, and let 

n/2-l n/2-1 

^1= Yl ^^■■■^nji-i and ^2 = ]^ (7-„/2+i • • • (51) 



Clearly Oi and Q2 commute, and using equations dU) and ((23l), we see that 



ag^^OiaQ "'^^ = 02 and Cill'^diOiQ^^'^ = (52) 
For z = 1, . . . , n/2, set 

pf = CT; • • •(r,-+„/2-i/ (53) 
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and 

P=Pn/l---P\- (54) 

Geometrically, Oi (resp. 02) is the half twist on the first (resp. second) n/2 strings, and 
p is the braid that passes the first n/2 strings over the second n/2 strings (see Figures |5H6] 
andO. 




Figure 5: The braid p in B8(S^). 




Figure 6: The braid Oi in B^{S^). 




Figure 7: The braid 02 in B^{S^). 

Lemma 59. With the above notation, the following relations hold: 

(a) pCi,\ = Cl2P- 

(b) An = 0x0210. 

(c) pO,2 = Oi|0. 

(d) O2 = (7-„_i((r„_2(7-„_i) • • • ((r„/2+2 ■ ■ ■<^n-l){0'n/2+l ' ' ■O'n-l)- 
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(e) ocq^^ = nip. 

(f) An = Cl20iQ^^d2^ and Uq^^ = diAnCl^^. 

(g) Al = n2n-2. 

Vroof. 

(a) First observe that 

A/2-1 \ 

plClip-^ = cri • • • cr„/2 ( n ^1 ■ ■ ■ j (^nfi ■ ■ ■ 

/n/2-1 \ 
= (Ti • • • an-1 lYl ^nll-i I (^n-\ ' ' ' 

= ocoCIi(Xq^. (55) 
For i = 1, . . . ,n/2, we have 

= oi'Q~^pinip^^aQ^^~^^ by equations (|23|) and ((53)) 
= ocQCliaQ' by equation (|55ll . 
By induction on i, equations (|52l) and (|55l) , it follows that 

pClip-^ = p„/2 ■ --pinip^^ ■■■Pn^ = aJj/^Oia//^ = 02 

as required. 

(b) We have: 

n-l n/2-l n-1 

An = Yli^l - - ^n-i) = n ('^i ■ ■ ■ '^«-') n '^'^i ■ ■ ■ equation ^ 

1=1 i=l i=n/2 

n/2-1 n/2-1 

= n ■ ■ ■ ^«/2-!)K/2-f+l • • • (^n-i) n '^'^l ■ ■ ■ ^n/2-i) 
i=l i=0 

^n/2-1 n/2-1 \ n/2-1 

n (^1 ■ ■ ■ ^n/2-i) n (^n/2-i+l " " " (^n-i) pl Yl " ^n/2-i) 

i=l i=l J i=l 

/n/2-1 \ 

= Oi Y\ Pn/2-i+i \pi^i by equations (|5T|) and ((53 )) 

V ^=1 / 

= niioOi = 0x0210 by equations ((53)) and ([54)), and part ([a]). 

(c) Since a.Q^'^AnOiQ"^'^ = A~^ by equations (|8]) and ((10)) , we have: 

aQ^'^pa^^^'^ = aQ^^Cl2^n.^^An0iQ"^'^ = 0:,"-^02 "^A"-^ = pA^, 

by part (0) and equation ((52) , using the fact that Oi and O2 commute. Conjugating the 
relation pCii = Ci2p of part ((a)) by ocq^'^ and using equation ([52)) gives the result. 
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(d) For n/2 + 1 ^ i ^ ; ^ n — 1, set T/j = CTj - ■ ■ CTj (so Ti^i = Ci). For k = 1,. . . ,n/2 — 1, set 

(n/2-l \ / n/2-1 

i=n/2-k J \i=n/2-k 

Let = (r„_i((r„_2(r„_i) ■ ■ ■ ((r„/2+2 • • • c^n-i)K/2+i • • • c^n-i)- Since 



CO 



n/2-1 \ /n/2-1 

«/2-l = n '^n-i,n-l n V2+l,«/2+i 



i=l I \ 1=1 



□202 by equation (|5T|) , 



it suffices to show that a;„/2-i = 1- To do so, we shall prove by induction that coj^ = 1 
for all = 1, . . . ,n/2 — 1. If A: = 1 then coi = T:n/2+i,n-i\f2+i n-i ^ suppose that 
= 1 for some k = 1, . . . ,n/2 — 2. First note that if z ^ I < 

= i'^i ■ ■ ■ (^m+i(^i+2 ■ ■ ■ (^i){^r^ ■ ■ ■ ^r^) 

= {(Ti ■ ■ ■ mi+iaf'^ ■ ■ ■ £7-^1) ((7/ +2 • • • (^j) 



T, 



-1 ^-1^-1 



= ^r+il+ini' (56) 

using the fact that Tjy+iTmT^'^^^^ = t^+i for all / ^ m ^ /. So 



(n/2-1 \ / n/2-1 

n '^n-i,n-l \p.+l,n-k-l V2+l,«/2+z 
i=n/2-k ) \i=n/2-k 

/ n/2-1 

= Tn/2+k+l,n-l- '^n/2+k,n-l ' ' ' T«/2+l,n-lT„/2+l,„_fc-l H '^n/2+l,n/2+i 



n/2-1 \ 



'^n/2+k+l,n-l-\/\+k+l,n-l '^n-i,n-l Yi '^n/2+l,n/2+i 



A=n/2-k 
n/2-1 



^i=n/2-k J 



A=n/2-k 



Wfc = 1, 



where we have used equation (|56|) k times to obtain the first equality of the last line. 
The result follows by induction. 
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(e) Using parts (jc]) and and equations (IST) , (|53l) and (|54|) , we have 



m/2 

^0^^ = (f^l ■ ■ ■ = n^'^l ■ ■ ■ ^n/2-t(^n/2-i+l ' ' ' (^n-l) 

i=l 

n/2-1 n/2 

= n '^'^l ■ ■ ■ ^n/2-i) Yli^n/2-i+l ' ' ' <^n-\) 
i=l i=l 
n/2 

= ^1 f7('^M/2-;+l ■ ■ ■ O'n-iCn-i+1 " " " C^w-l) 
i=l 

n/2 n/2 

= ^1 Yl^^n/2-i+l ■ ■ ■ ^n-i) Y[i^n-i+l ' ' ' ^n-l) 
i=l i=2 
n/2-1 

= Hip Yl {(^n-i ■ ■ ■ (^n-l) = 01,002 = Ofp. 

i=l 

(f) Applying successively parts (|e]), dcj and © and using the fact that Oi and O2 com- 
mute yields: 

02a:[J/^0^^ = O2O?|0O2 ^ = 020?0f V = O1O21O = A„. 
Further, using parts dbj, (jaj and 1^, we have: 

OiA„0^ = OiOiO2|0O^ = Clfp = ocq' . 

(g) Using equations (|52l) and (H) and part (0), we have 



0?02 ^ = O^aj/^O-^^Q = Oi (^Oi^j/^O-i) O-Vq "/^ 
= Oi ^aQ'^^02A:^"'^^. oLq^^. a:q'^^02 "^a:^"'^^^ H^^iXq'^'^^ 

^ (n/2. -n/2\ -m/2 ^ -m/2 

= .-"/l.-"/^ = A2. □ 

Proposition 60. V\Iith the notation defined above, 

(a) loill'^, t^n, '^o'^*02\ = Qs Z/o?' all n = mod 4, n ^ 8. 



(fc) ( a;g^^, A„, OiA„ ) ^ Qg Z/or alln ^ 4 even. 

Proof. Remark|3l0) implies that the subgroup (^o^q^'^, A,,^ of B„(S^) is isomorphic to Qg. 
So to prove the proposition, we must study the action of the third generator in both 



cases on this subgroup. Let Oi and O2 be as defined in equation (jSTj). 
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(a) Let n = mod 4 where n ^ 8, and let v = We have: 



vaQ^'^v~^ = {ciQ^'^Cl2)'^Q^'^{^2^'^Q^^'^) = %^^^n<^Q^^'^ bv Lemma l59llfll 

= ^q'^^Ah by equation ((TO)), (57) 
vaQ^^A„v~-^ = aQ'^^A„. ci^^^Ci2/^n^2^%^^'^ by equation (|57l) 

= ao^^A„. aQ"^*af)'"'^^n2ag'^^n2 ^^^(^"'^* by Lemma l59l|f|) 
= ^q'^^Am. a.Q"^^C}lCl2^a.Q^^^ by equation (|52]) 
= aQ^^Ayi- ocq^^A^ by Lemma l59l[g]) 



= A„ ^ by equations dH]) and ((TOl), and (58) 
vA-^v-i = v(a;/^A„)-ia;/^v-i (59) 
= ajj/^ by equations ©, dTO]), (|5Zl» and (|58l). (60) 

Hence conjugation by v permutes cyclically the elements ocq^^, cc^j'^ An and A~^, and thus 
gives rise to the action a on the copy l^J'^ , An^ of Qg in B„(S^). It remains to show that 
V is of infinite order. Its permutation is: 

n{v) =(l,3n/4 + l,n/2 + l,n/4 + l)(2,3n/4 + 2,n/2 + 2,n/4 + 2) • • • 

(n/4,n,3n/4,n/2)(n/2 + l,n)(n/2 +2,n - 1) • • • (3n/4,3n/4 + 1), 

and since n ^ 8, the cycle decomposition of n{v) contains the transposition (3n/4 + 1, n) 
and the 6-cycle (l,3n/4,n/2, n/4,n/2 + l,n/4 + 1). By Theorem [H n{v) cannot be the 
permutation of an element of B„(§^) of finite order. This shows that v is of infinite 

order, and so ((x^J'^, A„, olII'^VL2^ ^ Qg Z. 



(b) Let n ^ 4 be even. Set ^ = niA„. Then: 
^A„^-i = niA„n-i = aj/^ by Lemma [59t|f|. 

^</^r^ =niA„^;/2A-in-v-«/\;/^ 



=A„nin2 by equations ([8]), ([lO]) and ^ 

=lS^a!^^'^ ci^Q^'^ by Lemma I59llb1) and and the commutativity of Oi and 02 
=A„ by equations © and (|TOl) , 

^^Q^^An^"^ = A„A;g^^ = (a;q'^^A„)~^ by equation ^ and the above two relations. 

So conjugation by ^ exchanges A„ and cc^^"^, and sends a^'^^A^ to (a;Q'^^A„)~^, hence gives 
rise to the action j6 on the copy (ot^^"^, A„\ of in B„(S^). It remains to show that ^ is 



s 

of infinite order. Suppose first that n = 2 mod 4. Then: 

n{Q =(l,n/2)(2,n/2 - 1) ... ((n - 2)/4, (n + 6)/4). (l,n). 
(2,n-l)---(n/2,n/2 + l). 
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By Theorem [H 7r(^) cannot be the permutation of a finite-order element of B«(§'^) since 
its cycle decomposition contains the transposition ((n + 2)/4, (3n + 2)/4) and the 4-cycle 
(1, n/2 + 1, n/2, n). So suppose that n = mod 4. Then: 

71(0 = (l,n/2)(2,n/2 - 1) • • • (n/4,n/4 + 1). {l,n){2,n -!)■■■ {n/2,n/2 + 1). 

Hence the cycle decomposition of n{Q consists of the 4-cycles of the form (J, n/2 + 
y, n/2 + 1 — y, n + 1 — j), where 1 ^ / ^ n/4, so if ^ is of finite order then by Theorem^ it is 
conjugate to a power of a.Q. Thus the Abelianisation of ^ is congruent to modulo n — 1. 
On the other hand, the Abelianisation of ^ = niA„ is congruent to ^ (| — l) + ^(n — 1) 
modulo 2(n — 1), which is congruent modulo n — 1 to |(n — 2). But |(n — 2) ^0 modulo 

n — 1, which gives a contradiction. So ^ is of infinite order, and (^ol^^^, IS^n, = Q,%^^7j 
as required. □ 



Remarks 61. 

{a) If we take n = 4 in the proof of Proposition [60llaj) then v = ol\\^ of order 6, and we 
obtain the subgroup (oi^, A4, 0:002) which is isomorphic to T* (see |GG5l Remark 3.2]). 
However, a copy of Qg ^ iri 64(8^) will be exhibited in the proof of Proposition [68l 
Combining this with Propositions |57l [60] and [62] will prove the existence of Type I 
subgroups of B„(§^) of the form Qg Z for all n ^4 even, with the exception of 
n e {6, 10, 14}. Proposition [6Ol0) implies the existence of Type I subgroups of B„(§^) of 
the form Qg x ^ Z for all n ^ 4 even. 

{})) In the case where n = 2 mod 4, we do not know of an explicit algebraic represent- 
ation of Qg X a Z similar to that of the construction of Proposition [SOlja]) in the case n = 
mod 4. In order to obtain such a representation, note that by [GG5, Proposition 1.5 
and Theorem 1.6], the standard copy ^0:2, A„) of Dic4(„_2) exhibits both conjugacy 
classes of subgroups isomorphic to Qg in B„(S^). To construct a copy H of Qg x^ Z, the 
elements of the copy of Qg of order 4 must be conjugate, so H = (^^~'^^^'^ , a^/^n^ (up 
to conjugacy). We then need to look for an element z of Bn (S^) of infinite order whose 

action by conjugacy on H permutes cyclically the elements A„ and 0:2 "~^'''^^A„ 

of H (or perhaps their inverses). Propositions [57lta| and [62l}al) imply the existence of z, 
but we have not been able to find explicitly such an element. 



4 Type I subgroups of B„(S^) of the form f x Z with F = 

T,o\r 

We now consider the problem of the existence of Type I subgroups of B„ (§^) of the form 
F X Z with F = T*, O*, J*. In the case where the product is direct, the question will be 
treated in Section [4Tl Proposition l45] asserts that the only nontrivial action occurs when 



F = r*, in which case the action is that given by equation (fM)). This possibility will be 
dealt with in Section l4!2l 
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4.1 Type I subgroups of B„ (S^) of the form F x Z with F = T\ 0\ I* 

In this section, we prove the following result. 
Proposition 62. 

(a) Suppose that n = 12 or that n ^ 16 is even. Then the group T* x Z is realised as a subgroup 
o/B„(§2). 

(b) Suppose that n =24 or that n ^ 30 is congruent to or 2 mod 6. Then the group O* x Z 
is realised as a subgroup o/B„(S^). 

(c) Suppose that n = 60 or that n ^ 72 is congruent to 0, 2, 12 or 20 mod 30. Then the group 
J* X Z is realised as a subgroup o/Bn(S^). 

(d) The group T* x Z (resp. O* x Z) is not realised as a subgroup o/B4(S^) (resp. B(,{S^)). 
Remarks 63. 

(a) Since T* x Z is not realised as a subgroup of B4(S^), neither is T* x^ Z. 

(b) Theorem |5l|3l) follows immediately from Proposition [62lld|) . 

Remark 64. For the following values of n not covered by Proposition [62l the associated 
binary polyhedral group occurs as a subgroup of B„(S^), but it is an open question as 
to whether the given direct product is realised or not: 

(i) T* X Z,forn e {6,8,10,14}, 

(ii) O* X Z, forn e {8, 12, 14, 18, 20, 26}, 
(Hi) r X Z,forn G {12,20,30,32,42,50,62}. 

Proof of Proposition \62\ We start by proving part ©. Suppose that n = 12 or that n ^ 16 
is even. Set n = 61 + 4m, where I ^ 2 and m e {0, 1,2}. Let A be a regular tetrahedron, 
and let X c A be an n-point subset invariant under the action of the group F = A4 of 
rotations of A. We may suppose that each edge of A contains / equally-spaced points in 
its interior. If m ^ 1 then we place four points of X at the vertices of A, and if m = 2, 
we add a further four points at the barycentres of the faces. We inscribe A within the 
sphere S^, and from now on, the two shall be identified by radial projection without 
further comment. 

Recall that Homeo+(§2, X) and 

Y : Homeo+ (S^, X) MCQ (S^, n) 

were defined in Section UH Now F is a subgroup of Homeo'''(S^, X) whose image F = 
Y(F) under Y is also isomorphic to A4. Indeed, / e Homeo'''(§^, X) belongs to Ker (Y) 
if and only if it is isotopic to the identity relative to X. Such an / would thus fix X 
pointwise, but the only element of F which achieves this is the identity. So the restriction 
of Y to F is injective. 

Since F = A4, the preimage A = (p~^ (F) under the homomorphism cp of equa- 



tion (|TT|) is a copy of T*. The aim is to prove the existence of an element v of infinite 
order belonging to the centraliser of A in B„(S^). We claim that it suffices to exhibit 
an element z of infinite order belonging to the centraliser of F in A^C^ (S^, n). Indeed, 
suppose such a z exists, and let z e B„(§^) be a preimage of z under cp. Clearly z is also 
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of infinite order. Let w e A, and let w = cp{w) e f. Then ^([w,z]) = \w,z\ = 1, so 
\w,z\ = A^^, where e e {0, 1}. Thus wzw~^ = zA^^, hence wz^w~^ = z^ for all w e A, and 
so we may take v = z^. It follows that (A, u) ^ T* x Z. 

To prove the existence of z, denote the edges of A by ^i, ... , e^, and for ; = 1, . . . , 6, 
let fj e r be such that = Cj (we choose fi = Id). Let Ci be a positively oriented 

simple closed curve containing the I points of X belonging to ei, and let Ai be a small 
annular neighbourhood of Ci, chosen so that the orbit C of Ci (resp. the orbit A of 
^i) under the action of T consists of the six (disjoint) oriented simple closed curves 
Cj = fj{C\), i = 1, . . .,6 (resp. six pairwise-disjoint annuli Aj = fj{A\), j = 1, . . .,6) 
(see Figure H]). The orbits C and A are obviously invariant under this action. Each 
Cj is associated with the edge of A, and bounds a disc containing the I points of 
X n Let Ti e Homeo"*" (§^, X) be the (positive) Dehn twist along Ci in Ai, and set 
Tj = /; o Ti o f~^. Then T, is the (positive) Dehn twist along Cj in Ai- Since the Ai are 
pairwise disjoint, the commute pairwise. 




Set r = Ti o • • • o Tg. Let us prove that T is an element of Homeo"*" (S^, X) of infinite 
order belonging to the centraliser of T. To see this, let / e T, and let x e A. First suppose 
that X ^ [J^=i Ai- Then/(x) ^ Uf=l^! since A is invariant under the action of 
r, and so / o T(x) = /(x) = T o f{x) as required. Now assume that x e Aj for some 
y = 1, . . . , 6. By relabelling the edges of A if necessary, we may suppose that x e Ai. Let 
{g} = Z2 be the stabiliser of ei in T. If we parametrise Ai as [0, 1] x §^ then Ti is defined 
by Ti{t,s) = (t,se^^'^), and the restriction of g to Ai is given by g{t,s) = {t,se^^). A 
straightforward calculation shows that g oTi = Ti o g on By considering the action 
on the oriented edges of A, it follows that there exist / e {1, . . . , 6} and e g {0, 1} such 
that / = /;• o g^, so f{x) e Ai, and: 

Tof{x) = T, of{x) = T, of, o/(x) = /, o Ti o/(x) = f, 0/ o ri(x) = / o T(x), 
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using the facts that the Tj commute pairwise, and that for ; = 1, . . . , 6, the support of 
Tj is Aj. This shows that T belongs to the centraliser of F in Homeo"*" (S^, X), and so 

T = Y(r) belongs to the centraliser of T in AiCQ{S'^,n). It remains to show that T is 
of infinite order. This is a consequence of a generalisation of the intersection number 
formula for Dehn twists, see [FM, Propositions 3.2 and 3.4] for example. An alternat- 
ive proof of this fact is as follows. Since T belongs to the pure mapping class group 
'PA4CQ{S^,n) of §^ on n points, we may consider its image T under the homomorph- 
ism 'PAiCQ{S^,n) — > 'PAiCQ{S^,A), obtained in an analogous manner to the Fadell- 
Neuwirth homomorphism by removing all but two pairs of points, one pair contained 
in the small disc bounded by Ci, and another pair contained in that bounded by €2- 
Since Ci and C2 are both positively oriented, T is the image under ^ of a pure braid, 
which choosing appropriate generators, may be written as (^^(73. We saw at the end of 
the proof of Proposition |53] that this element is of infinite order, and this implies that 
T is also of infinite order. We have thus shown that there exists an element z = T of 
infinite order belonging to the centraliser of F in JVlCQ (§^, n), and this proves part daj. 

Applying a similar construction for O* (taking A to be a cube) and for J* (taking A 
to be a dodecahedron) yields parts © and (tcj. Note that in the case of O* (resp. 1*), we 
have that n = 0, 2 mod 6 (resp. n = 0, 2, 12, 20 mod 30). We set n = 12/ + 8m + 6r (resp. 
n = 30/ + 20m + 12r), where / e N, and m,r e {0, 1} denote respectively the number of 
points of X placed at the vertices of A and at the barycentre of the faces of A. Since we 
require / ^ 2 in the construction, the excluded values of n are 6, 8, 12, 14, 18, 20 and 26 
(resp. 12, 20, 30, 32, 42, 50 and 62). 

Finally, we prove part ddj. Suppose that T* x Z (resp. O* x Z) is realised as a sub- 
group K of 54(8^) (resp. B(,{S'^)). Since T* (resp. O*) possesses elements of order 6 (resp. 
8) by Proposition HH K contains a subgroup H isomorphic to Zg x Z (resp. Zg x Z) 
whose finite factor is conjugate to {ixi) (resp. {ocj}) by Theorem [U But the existence of 
H then contradicts Proposition |3T1 □ 

As a consequence of Proposition [62l|d]) , we obtain the following result which com- 
plements that of Proposition m 

Corollary 65. Ifn = 4 (resip. n = 6), let Hbe a subgroup o/B„(S^) isomorphic to T* (resp. 
O*). Then the normaliser ofH in B„(S^) is H itself. 

Proof. In both cases, H is finite maximal by Theorem |2l so it suffices to prove that 
N = Nb^(§2)(H) is finite. If x g N then some power of x belongs to Zp^^(g2^{H), but 
by Proposition [62lld|) , x must be of finite order. Hence N is finite by Proposition |28l □ 

4.2 Realisation of x^vZ 

We now consider the realisation of T* x^ Z as a subgroup of B„(S^), where co{l) is as 
defined in equation ((14)). 

Proposition 66. IfO* x Z is realised as a subgroup ofBn{S^) then so is T* x^; Z. 



60 



Remark 67. Let n ^ {6,8,12,14,18,20,26}. Putting together the results of Proposi- 
tions [62)0) and[66l we see that T* x^; Z is realised as a subgroup of B„ (S^) if and only if 
n =0,2 mod 6. 

Proof of Proposition [661 Suppose that O* x Z is realised as a subgroup L of B„(§^). Then 
there exist a subgroup K of B„(S^) isomorphic to O* and an element z e B„(S^) of infin- 
ite order such that z belongs to the centraliser of K. Let equation (|28l) denote a present- 
ation of K, and let H = (P, Q, X) denote the subgroup of K isomorphic to T*, with the 
presentation of equation ((T3|) . Equations dHj) and (|28l) imply that the restriction to H of 
conjugation by the element R oi K represents the nontrivial element of Out (T*). But z 
commutes with R, so zR is of infinite order, and since z also belongs to the centraliser 
of H, it follows that (H, zR) ^ T* x ^ Z. □ 



5 Proof of the realisation of the elements of Vi (n) in B„ (S^) 

In this section, we bring together the results of Sections [IIIH -[4[to prove Proposition [68l 
This proposition will imply Theorem [51(2]) for the Type I subgroups of B„(S^), namely 
the realisation of the virtually cyclic groups given by ([I])©-© of Definition [H with the 
exception of the values of n given in Remark [Sja]) and not covered by Theorem [5l(2j)(ta])- 
©. 

Proposition 68. Let n ^ 4. The following Type I virtually cyclic groups are realised as 
subgroups o/B„(S^); 

(a) Tjq X Z, where q \ 2{n — i) with i e {0,1,2}, 1 ^ q ^ n — i, and q<n — iifn — iis odd. 

(b) Zq Xp Z, where q \ 2{n — i) with i e {0,2},3 ^ q ^ n — i, q < n — i ifn — i is odd, and 
p{l) e Aut {Zq) is multiplication by —1. 

(c) Dic4„i xZ, where m \ n — i with i e {0,2}, and 3 ^ m ^ (n — i)/2. 

(d) Dic/^m Xv^/ where m \ n — i with i e {0,2}, m ;^ 3, (n — z)/m is even, and v(l) is the 
automorphism ofDic^m given by equation ([T2| ). 

(e) (i) Qs X Z/or all n even. 

(ii) Qs yi a Z, for all n even, n ^ {6,10,14:}, where 0.(1) e Aut (Qg) is givenby ix(l){i) = j and 
Oi{l){i) = k, and where Qg = {+1/ +h +// +^}- 

(Hi) Qs yi^Zfor all n even, where j6(l) g Aut (Qg) is given by jS(l)(z) = k and /3(l)(y) = 

(f) T* X Z, where n = 12 or n ^ 16 is even. 

(g) T* x^ Z, where n = 24 or n ^ 30 and n = 0,2 mod 6, and Cjo{1) is the automorphism of 
T* given by equation ([l4l ). 

(h) O* X Z, where n =24 or n ^ 30 and n = 0,2 mod 6. 

(i) J* X Z, where n = 60 or n ^ 72 and n = 0, 2, 12, 20 mod 30. 

Proof. Parts daj, (jcj and ([d]) are proved in Propositions [52l [53l [54[ and [56]respectively. 
By Proposition [60©, Qs x ^ Z is realised as a subgroup of B„ (S^) for all n ^4 even, and 
its subgroup generated by Qg and the square of the Z-factor is abstractly isomorphic to 
Qs X Z, which proves parts (le])© and dm]). We now consider the realisation of Qg ^ 
as a subgroup of B„(S^). Suppose first that n = mod 4. If n ^ 8 then the result 
follows from Proposition [60l|a)). So suppose that n = 4. By |GG6[ Theorem 1.3(3)], B4(§^) 
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contains a copy of Qg generated by x = cr^cr:^^ and y = {cr^cr2cr^^)(73(7^^{cr^cr2^(7^^), and 
the element a = cr^cr2cr^^ , which is of infinite order, acts by conjugation on (x, y) by 
sending x to y and y to xy. Hence the subgroup {x,y,a) of 64(8^) is isomorphic to 
Qg Xa Z as required. Now suppose that n = 2 mod 4. lin ^ {6,10,14} then n ^ 18. 
So by Proposition [62lfa|l, T* x Z is realised as a subgroup of B„(S^), and we deduce 
from Proposition ISZHaj) that B„(S^) contains a copy of Qg ^/ which proves part (te))(|iil). 
Parts dH, © and (fl) follow directly from Proposition [62lla|-(fc|). Finally, to prove part (tgl), 
if n = 24 or n ^30 and n = 0, 2 mod 6 then O* x Z is realised as a subgroup of B„(§^^) 
by Proposition [62llb1) , and so B„(S^) contains a copy of T* x^^ Z by Proposition [66l □ 

Remark 69. In Proposition [68lfe1)(|iil), we do not know whether the Type I group Qg x^ Z 
is realised as a subgroup of B„ (§^) for n e {6, 10, 14}. In [|GG5t Remark 3.3], we exhibited 
a copy <7, J) of T* in Bf^iS^), where 

7 = 05(74(7" -^cr""^ ^rid ^ = (/^"^(/^^(rg""'^ (72" "'^(7^"'^ (72" "'^(75(74(75(75(74(73 

(note that there is a typing error in the original version, the expression for 5 there is 
missing the terms (75(74(75). The action of conjugation by 7 permutes cyclically the ele- 
ments 7'^7~^ i = 0, 1,2, and gives rise to the semi-direct product structure Qg x Z3 of 
r*. In order to obtain a subgroup of B6(S^) isomorphic to Qg x^^ Z, the proof of Propos- 
ition |57lta]) shows that it suffices to exhibit an element z e B(,(E>^) of infinite order that 
commutes with 7 and S, but up until now, we have not been able to find such a z. 

6 Realisation of the elements of V2(n) in B„(S^) 

We now turn our attention to the problem of the realisation in B„(S^) of the virtually 
cyclic groups of Type II described in Definition HHZ]). In Section [Ol we consider those 
groups that contain a cyclic or dicyclic factor. In Section [6^ we discuss the realisation 
of O* ^T* O* inB„(S2). 

6.1 Realisation of the elements of V2(n) with cyclic or dicyclic factors 

Theorem 70. For all n ^ 4, the following Type II virtually cyclic groups are realised as sub- 
groups ofBniS^): 

(a) 7j/^q ^ijq ^4'?' '^^^'^^ i s {0/ 1/2} and q divides (n — i) /2. 

(b) Z4^ ^1^^ Dic4^q, where i e {0,2}, q ^2 and q divides {n — i)/2. 

(c) Dic^ ^I'lq ^^^4i?/ "where i e {0,2}, q ^2 and q divides n — i strictly. 

(d) Dicj^q ^Dic2c, Dic^, where i e {0, 2}, and q ^ 4is an even divisor ofn — i. 

Proof. Let n ^ 4. First recall that if 1 ^ / ^ n + 1, the kernel of the homomorphism 
P„+i(S^) — > Pn(S^) defined geometrically by deleting the string may be identified 
with the fundamental group 

TTi ( {Xi, . . . , Xy_i, Xy+i, . . . , X„+i } , Xy ) , 
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which is a free group of rank n — 1 for which a presentation is given by 

{^1,2/ • • • / • • • / ^i,n I ' ' ' -^i-lj-^ij+l ' ' ' -^i,n = 1 ) ' (61) 



7r(z;i) = 




n{v2) = 




n{viV2) = 





and for which a basis is obtained by selecting any n — 1 distinct elements of the set 

{Ay, Aj_ij, Ayj+i, . . . , Ay^„+i }, where for 1 ^ z < ; ^ n + 1, 

= (rj_i ■ ■ ■ (Ti+iafa-^^ ■ ■ ■ a-\ = a'^ ■ ■ ■ (Tj-\aj_^aj_2 ■ ■ ■ (62) 

We consider the four cases of the statement of the theorem in turn. 

{a) We first treat the case q = 1, and then go on to deal with the general case q ^2. 

1^^ case: q = 1. We shall construct a subgroup of B„(S^) isomorphic to Z4 Z4. Set 
i = 2 if n is even, and z = 1 if n is odd. Then (n — z) is even, and the condition given in the 

statement is satisfied. Let vi = V2 = CTn-i'^i^'n-i' J ^ ^ {^j)- 

Then |Gy| = 4 by equation (HJ, and Gi n G2 ^ {^n) since is the unique element of 
B„(S2) of order 2. Let H = <Gi u G2). By Proposition HI to prove that H ^ Z4 Z4, 
it suffices to show that H is of infinite order, or indeed that H contains an element of 
infinite order. Consider the element V1V2 of H. A straightforward calculation shows 
that: 

+ 1) (2,^+2)...(^-l,n-z-l) (^,n-z) 
+ 1) (^2,^+2) ••• (^-l,n-z-l) (^«^,n-z + l) 
^^,n -i,n-i + l^ , 

and thus t[{v\V2) consists of one 3-cycle and n — 3 fixed points. So if n ^ 6, by The- 
orem[T} V1V2 is of infinite order, and this implies that H is infinite as required. It remains 
to treat the cases n = 4, 5. Suppose first that n = 4, and assume that H is finite. Then H 
is contained in a maximal finite subgroup K of 54(8^), where K is isomorphic to Q16 or 
r* by Theorem|2l Since n{v\V2) is a 3-cycle and the set of torsion elements of Pn{^^) is 
^A^^, V1V2 is of order 3 or 6, and so K ^T*. On the other hand, the elements of order 4 
of r* ^ Qg X Z3 all belong to its subgroup isomorphic to Qg, and so the product V1V2 
of elements of order 4 is of order 1, 2 or 4. This yields a contradiction, so H is infinite in 
this case. Now suppose that n = 5. Using equations (jU) and ((23)), as well as the fact that 
ai = aoC7"4, we obtain: 

= Ala-'^Gc-'^a-'^a^aiixo = t^a^^ (T2(r^ = Al(T2{(r^'^(T3)(T-'^. 

So to show that V1V2 is of infinite order, it suffices to prove that d^^crs is of infinite order. 
We have 

((^4"V3)^ = (r-V4(r3(r-V3(r-V3 = a-^a^^a^a^a^'^as = a^^a^^alal. (63) 

So {c^^c^)'^ belongs to the free group tti (§^\ {xi, X2, X3, X5} , X4), and in terms of the basis 
{^2,4, ^3^4, A4 5} of the latter, may be written as the commutator [A4^g, A^]]. It follows 
that {cr'^'^cr^)^ and H are of infinite order, and thus H ^ Z4 ^4 by Proposition! 
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2"^^ case: q ^ 2. We claim that it suffices to find distinct cyclic subgroups Gi, G2 of B„ (S^) 
of order Aq for which Gi n G2 contains a (cyclic) subgroup of order 2q. To prove the 
claim, let Gi and G2 be subgroups of B„(§^) satisfying these conditions, and suppose 
that H = (Gi u G2) is finite. Let K be a maximal finite subgroup of B„ (S^) containing H. 
Since Gi G2, K contains two distinct copies of Z4(^, and so cannot be cyclic or dicyclic, 
nor by Proposition |85] can it be isomorphic to T* or J*, since q ^ 2. So suppose that 
K ^ O*. Then q = 2hy Proposition [85l Gy ^ Zg, where ; = 1,2, and Gi n G2 = Z4 by 
hypothesis. Under the restriction of the homomorphism cp of equation ((TTj) , O* is sent 
to S4, the (p{Gj) are sent to subgroups of S4 generated by 4-cycles, and \ (p{Gi n G2) | = 2. 
But in S4, the intersection of two subgroups generated by 4-cycles cannot be of order 2, 
so X ^ O*. We conclude that H is infinite, hence H ^ Z4^ ^fj^j^ Z4(j by Proposition |23l 
which proves the claim. 

We now exhibit subgroups Gi and G2 of Bn (S^) satisfying the properties of the claim. 
By hypothesis, m = [n — i)/2q e N. Let Gi = (a^) and G2 = ^Gi^~^, where 

^ = hm,i = ClClm+l ■ ■ ■ 0'm{2q-i)+l(^m{2q-2)+l 
= (I\(l2rn+l ■ ■ ■ C^w-!-4m+lC^n-!-2f«+l/ 

using the notation of equation (|45)) . Then Gy ^ Z4^ for ; = 1,2 by equation ©. Now 

71(0; contains the 2i^-cycle {l,m(2q — 1) + l,in{2q — 2) + 1, . . .,m + 1), and so n{af'^){l) e 
{1, m + 1, . . . , m(2^ - 1) + 1} for all keN.On the other hand, 

= n{r^){m{2q - 1) + 2) = m(2q - 1) + 2 

(recall that as for braids, we compose permutations from left to right). Thus ^ 
Gi, so G2 7^ Gi. Taking the integer m of Lemma ISTI to be 2m, we have that 2m divides 
n — i and so r = 2m ^ 2. By part (jc)) of that proposition, ^ commutes with a^^K Thus 
Gi n G2 = '('^f^y = Z2ij, and so Gi and G2 satisfy the hypotheses of the claim. 

(b) Suppose that q ^ 2 divides (n — i)/2 for some i e {0,2}, so n is even. Set m = 
(n — i) /2q, and let 

Equation (|23|) implies that ^, = ciQ'^S2m,i'^o^^^> where ^2m,f is as in equation (|45|) . Taking 
the integer m of Lemma [51] to be 2m, it follows from part © of that lemma that S2m,i 
commutes with a.^^, and thus commutes with a'^'^, where a'- is given by equation (fTO)). 
We analyse separately the two cases m = 1 and m ^2. 

1^^ case: m = 1 . Then 2q = n — i. Take Gi = {^^jO:'^"^^ and G2 = (a'^, a -An), where is 

as defined above. Then Gi ^ ^2[n-i) = ^4tj/ arid G2 is one of the two dicyclic subgroups 
of order 2(n — i) of the standard copy of Dic4(„_;), so G2 = ^ic^ and Gi G2. Since 
commutes with oc'^, it follows that Gi n G2 = {'^f ) = Z2ij. Set H = (Gi u G2). By 
Proposition |23l to see that H ^ Z4^j Jt:^^,, Dic4^j, it suffices to show that H contains an 

element of infinite order. Consider rj = ^iix[^~^ . a.'^I\n e H. Since ^, commutes with A„ 
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by equation ^ as well as with ap, and n — i is even, we have 
using also equation (HJ, where 

rj = (65) 

So to prove that tj is of infinite order, it suffices to show that rj is of infinite order. Since 
71 (^; ) is of order 2 and 

7r(a;) = (n - {,n - I - {, . . . ,2 + {,1 + , 

we have 

n{rj) = (7r(^,a;))2 = [n - {,n - {-2, . . . A + {,2 + {) 

and the cycle decomposition of T[{rj) consists of two (n — z)/4-cycles (resp. one (n — i)/2- 
cycle) \in — i is divisible (resp. is not divisible) by 4, plus (n + i)/2 fixed points. If either 
i = and n ^ 6 or if z = 2 and n ^ 8 then the cycle decomposition of 7i{rj) contains a 
cycle of length at least two, plus at least three fixed points, and so rj is of infinite order 
by Theorem [H Let us deal with the three remaining cases, which are given by n = 4 
and i e {0,2}, and n = 6 and i = 2. 

(i) i = and n = 4. Using the presentation of equation (|6T|), we have 

rj = (ri(r3(ri(r2(73(73"Vf Vi(72(r3 = a^crscrlo-s = Ai^2^2,4^3,4 = ^,2^1}, 
which may be interpreted as an element of tti (S^\ {x2, X3, X4} , xi) for which a basis is 

{Ai,2,Al,4}- 

(ii) i = 2 and n = 4. In this case, fj = cr^cr^ = ^2,3^3 4 belongs to the free group 
TTi (§^\ {xi, X2/ ^4} / ^3) for which a basis is { A2,3, ^3^4}. 

(Hi) i = 2 and n = 6. Then by equation ©, 

7/ = a2C^4- C^2C^3C^4C^5- C^4r"^C^2~^- C^2C^3C^4C^5 = Cr2C^4- a-^~^cr2""^(73""^(7^"^. Cr^^a^CT^CT^ 

= 0-20-^^0-2^. a^^a^'^o-^'^o-^o-j^o'l = a20-^'^o-2^. o^lo-^^a^ = A^g A45A^]A5^6. (66) 

Projecting tj onto P4(§^) by forgetting the 4*^^ and 5^^ strings yields A^g, which is of 
infinite order. 

In all three cases, we conclude that fj is of infinite order, and this completes the proof of 
the case m = 1. 

2"^ case: m^2 . Let Gi = (^^iDi['^^-^^ and G2 = (a:f'«,A„), where is as defined in 
equation ((64)). Then Gi ^ Z4^ and G2 = Dic4(j, so Gi 7^ G2. Since commutes with 
ap"^', we have Gi n G2 = (cif^^ ^ Z2(j. By Proposition |23l, to prove that the group H = 
<Gi u G2) is isomorphic to 7J^ ^Z2q Dic4^, it suffices to show that it contains an element 
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of infinite order. Consider the element r] = ^jO.'^^- ^. A„ of H. Using equation (|T0|) , we 
have that 



^^2 x^vmx— 1a X x— 1 a — 1 a2 x 1 x/^,/— mx/— 1 a2 



where 



2m-l+|"4m-l+i ' ' ' ^w-2m-l-|^n-l-|- 



(67) 



All of the generators appearing in equations (|64|) and ([67)) commute pairwise, so ^/ 
commutes with Since is central and of order 2, t] is of infinite order if and only if 
//^A~^ is. We now distinguish three subcases. 

1^^ subcase: m = 2 . In this case, Aq = n — i, 



=t^+.t^+< •••t^_3-' and = £73^,(7; 



2 7+i ■ ■ 



"2 J-r2 " ^ 2 "'"^2 '"^2 " J 2 

and hence a '^^f = ^' by equation ((23l). Since ^/ commutes with a'*, this implies that 
af^;a;-2 = ^,, and thus 



„/2x-lx/,,/-2x/-l 



/-I X X/-1 



r2 X/-2 



Now n ^ % since ^ 2, and projecting rj^l^n^ onto 64(8^) by forgetting all but the 

.\th / Nth / .\th / .Nth 

1 + ,f2 + ^J ,(5 + 2] and (6 + 5) strings yields the braid erf erf of P/^{S^), 

which by equation (|45l) is the element ^20- ^^^^ element is of infinite order by 
Lemma ISTljcj) , and we conclude that // is also of infinite order. 

2"^ subcase: m = 3 . Since ^ 2, we have n ^ 12 + i and 5 = cTi , < c7-„ , , • • • (7 ^ / . So 



7r(;/) 



1 + i 2 + i 7+1,8 + ^ 



1 + |,n -2 



5 _ i 



+ i 

2 + |,n-l-|,n-4-|,...,5 + |j . 

3 + |,n-|,n-3-|,...,6 + |) . (^1 + |,2 + |) (^7+|,8 + | 
n - 5 - ^, n - 4 - . (1, n) (2, n - 1) • • • , f + 1) . 

If z = (resp. / = 2), the cycle decomposition of T[{r]) contains the two cycles (1,2,3) 
and (4, n — 1, 6, n — 2, 5, n) (resp. (1, n) and (2, 3, 4)), and we deduce from Theorem[T]that 
f] is of infinite order. 

3^'^ subcase: m ^ 4 . Since q ^ 2, we have n ^ 16. Using equations (|23)) and (|24|) , we have 
that 



ill ill m -m -i/'2. 



ill m-1 
^0 < 



■{m-T) -i/l 



m-l+^' 
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from which one may see that 



^'rn^y-m ^ (T^_^^^(T^^_^^,^ ■ ■ ■ (r^_^^_^_f„_^_i^. (69) 



The terms in each of the expressions (|64|) , (|67|), (|68|) and (|69|) commute pairwise, and 
since m ^ 4, a •'"^/a;!"'" and a ■'"^•a also commute pairwise. So: 

and all of the terms in this expression commute pairwise. Projecting J/^A~^ onto 64(8^) 
by forgetting all but the strings numbered 1 + ^,2 + ^, m — l + ^ and m + ^ yields the 
braid dicr^, which we know to be of infinite order from the case m = 2. So r] and H are 
also of infinite order. This completes the proof of the realisation of ^7.2, ^^^iq a 
subgroup of B„(S^) for allq ^2 dividing (n — i)/2. 

(c) Let q ^ 2 be a strict divisor of n — i, where i e {0,2}, and let m = {n — i)/q. Then 
m 5; 2. We distinguish the cases m =2 and 3. 

case: m = 2. Then 2q = n — i, and n is even. Let Gi = (^a'^, a-A„^ and G2 = ^;Gi^~^, 
where ^/ = a:g'^^2,z^o^''^^- Then Gi, G2 = Dic2(„_;) = Dic4i^. As we saw in the case m = 1 
of part © above, commutes with af, and so Gi n G2 ^ f, where f = (oify = Z2ij. Let 
H = (Gi u G2). To complete the construction, it suffices once more by Proposition |23] 
to show that H contains an element of infinite order. Consider the following element of 
H: 



using equation (|T0|) and the fact that A„ commutes with and where rj is as defined in 
equation (|65|) . But we saw there that rj is of infinite order, so tfA^ is too, and thus H is 
infinite. 

2""^ case: m ^ 3. Then n ^ 6 + i. Set Gi = ((x'^,An) and G2 = ^iGi^^^, where = 
ag^^c^OT^jft:^''^^, and since commutes with a"^ by Lemma l5Tl|c)), commutes with a.'^. 
Thus G2 = (^oc'^,^iAn^~^y, and Gi n G2 ^ {^/"^) = "^2^- To complete the construction, it 
suffices to show that H = (Gi u G2) contains an element of infinite order. Consider the 
element [^,-,A„] = ^,A„^-i. A"! g H. Then: 

[^„A„] =^,.A„^riA-i =(^^,(7^^^^, •••(r^_^^^_,. 

—1 —1 —1 —1 

m— 1+2 2m— 1+2 n—m—l—j n—l—j 
'^l+fm-i+^ ('^m+l+;^'^2i_l+^) ■ ■ ■ (^^n-m+l-fn-l- 

where the bracketed terms commute pairwise. If m = 3 then after having projected 
[^i, An]^ into P4(S^) by forgetting all but the first four strings, we carry out a calculation 
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similar to that of equation (|63|) . If m ^ 4, we project [^i, A„] into 64(8^) by forgetting all 
but the strings numbered 1 + ^, 2 + ^, m + l + j and m + 2 + j, which yields the braid 
(Ticr^ of infinite order. In both cases, we conclude that [^,, A„] is of infinite order. Thus 
H is of infinite order, and it follows from Proposition |23] that H ^ Dic4^ ^^2^ Dic4ij- 

(d) Let q 5; 4 be an even divisor of n — i, and set m = (n — i)/q, G\ = (^«.'-'",Any and 
G2 = A;GiA~^, where 

('?-2)/2 
;=0 

Then both Gi and G2 are isomorphic to Dic4^, and: 

A„A,-A-i = Ancr^+f^^^^ ■ • • cr^_3^_< C7„_^_, A"! 

by equation 0. Further, by equations (|23l) and (|24|), we have 

/2m /-2m _ V2 2m '72 -2m -;/2 _ V2 2m -2m -'72 

!72 m+1 -(m+1) -ill ill m-1 -(m-1) -!72 

and from this and equation (|70l) it follows that A; also commutes with a'^^K This fact and 
equation (|7T|) imply that Gi n G2 ^ (Dc'^^,Any = Dic2<j. To complete the construction, 
it suffices to show that the subgroup H = (G\ u G2) is infinite, or equivalently, that 
it contains an element of infinite order. We consider the two cases m = 1 and m ^ 2 
separately. 

case: m = 1. Then q = n — A, n is even and Gi ^ G2 = Dic4(„_;). If the element 
A,a: -A"^ of G2 belonged also to Gi, since it is of order 2 (n — i) ^ 8, it would be an element 
of the subgroup ^a'^ of Gi, and so A; would belong to the normaliser of ^a'^ in B„(§^). 

Proposition [8] then implies that A/ is of finite order. However, A, = 0Cq'^S2j0Cq is of 
infinite order by Lemma ISTifc]), which yields a contradiction, and so we conclude that 
Gi 7^ G2. If Dic4(„_,) is maximal finite in B„(S'^) then H must then be infinite, which 
gives the result. So suppose that Dic4(„_,) is not maximal. By Theorem|2l we have n = 6 
and z = 2, in which case A2 = (72(74 and a!^ = Ci^s^i^i- Equation (|66)) implies that the 
element A2a;2A^^. 0.2 of H is of infinite order as required. 
2"^ case: m ^ 2. Consider the element pi = a'-^. \i(x'~^\~^ of H. Then 

i(m-l) I _ _ /-I 

0] =Ci.> .CL:(T , idn , i ■■■cr , icr iCC. . 
ri '^i ni+j Sm+j n—Sm—j n—m—j i 

/-(m-1) -1 -1 -1 -1 /(m-1) /-(m-1) 

a- ^ V ,(7" \ , ---(7^ ;(7 ,0:7 '.a.; ' 

' n—m—j n—Sm—j Sm+j m+j ' ' 

_ /(m— 1) 

'^m+l+^'^Sm+l+i ■ ■ ■'^M-3m+l-^'^n-m+l-^- 

_— 1 —1 —1 —1 /— (m— 1) 

(T (7" ■■■C" c a; 

«-2m+l-^ w-4m+l-| 2m+l+^ 1+^ « 

_ /(m— 1) —1 —1 —1 /— (m— 1) 

'^i+,'^m+l+^^2m+l+^'^3m+l+;| ■■■ V2m+l-l'^«-'«+l-^^' 
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using equations (|23l) and ((24)), the fact that m ^ 2, as well as the relations: 



/ /-I _ 1/2 -1 -'/2 



^0 o'n-m-i+i'^Q by equation (|23l) asn — m — i + 1 — i — 1 

z 

f^n-m+i-l by equation (|23|) since n — m + 1 — - ^n — 1, 



and 



/(m-l) /-(m-1) !72 -fm-l) -f/2 



= A:Q'V„_^_/a:Q ''^^ by equation ((23]) as n — m — i^n — i — 1 



-cr i. 

n—m—j 



So Pi is conjugate to 

-1 -1 -1 

which under the projection onto B4(§^) that is obtained by forgetting all but the strings 
numbered 1 + ^/2 + 2/ 2m + 1 + ^ and 2m + 2 + ^ yields the element a^^a^^, which we 
know to be of infinite order in 64(8^), so H is also of infinite order. This completes the 
proof of the realisation of Dic4g *Dic2, Dic4^ as a subgroup of B„(S^), as well as that of 
Theorem [7Ql □ 



6.2 Realisation of O* *t* O* in B„ (S^) 

For the realisation of the Type II subgroups of B„(§^) described in Definition [4pl), there 
is just one outstanding case not covered by Theorem [70l to be dealt with, that of O* -^j* 
O*. We start by making some general comments. From Theorem |2l there is no finite 
subgroup of Bn (§^) that contains two copies of O*. In particular, any subgroup of Bn (§^) 
generated by two distinct copies G\, G2 of O* is necessarily infinite. If further Gi n G2 = 
r* then it follows from Proposition |23l that (Gi u G2) = O* ^fj^* O*, from which we 
also obtain a subgroup isomorphic to T* x Z for one of the two actions of Z on T* of 
Definition SHI]) (jil) and (jgj). Notice also that in this case, |GG5[ Proposition 1.5] implies 



that G\ and G2 are conjugate by an element that belongs to the normaliser of G\ n G2 
since O* contains a unique subgroup isomorphic to T*. Conversely, if ^ is an element 
of B,i(§^) that belongs to the normaliser of a subgroup K of B„(S^) isomorphic to T*, 
and if n ^ 4 mod 6 then K is contained in a subgroup G\ of B„(S^) isomorphic to O* by 
Theorem|2l Either ^G\^~^ = G\, in which case ^ belongs to the normaliser of Gi, or else 
G\ 7^ ^G\^~^, in which case (G\ u ^Gi^~^) ^ O* ^j* O* in light of the above remarks. 
We now prove the realisation of O* ^fj^* O* in B„(S^) in the following cases. 

Proposition 71. Lrf n = 0,2 mod 6, anrf suppose that n = 36 or n ^ 42. T/zen B„(S2) 
possesses a subgroup that is isomorphic to O* ^j* O*. 
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Remark 72. It follows from Theorem [5)12])© and Proposition [TT] that the condition 
given in Definition [4pl)(|el) for the existence of O* ^j* O* as a subgroup of B„(§^) is 
necessary and sufficient, unless n belongs to {6,8,12,14,18,20,24,26,30,32,38}. For 
these values of n, which are those of Remark it is an open question as to whether 
O* ^T* O* is realised as a subgroup of B„(§^). 

Proof of Proposition ITU In order to obtain a subgroup of B„(S^) that is isomorphic to 
O* ^j* O*, we shall construct a copy of S4 S4 in AiCQ{S^,n), and then take its 
inverse image by the homomorphism cp of equation (|TT|) . Let n = 0, 2 mod 6, and set 
n = 12m + 6ei + 822, where m e N and £1,62 e {0,1}- Since n = 36 or n ^ 42, we 
have that m ^ 3. We use the notation of the proof of Proposition [62l taking A to be a 
cube with m (resp. ei, £2) marked points lying on each edge (resp. at the centre of each 
face, at each vertex). As in that proof, we consider the group of rotations F ^ S4 of 
A to be a subgroup of Homeo"'"(§^, X), and we set F = Y(F), which is a subgroup of 
AiCQ (§^, n) isomorphic to S4. Choose an edge e of A, fix an orientation of e, and denote 
the marked points lying on e by pi, . . . , p^; these points are numbered coherently with 
the orientation of e (see Figure |9l). Let h be the unique element of F different from the 
identity and fixing e setwise (so h reverses the orientation of e). 




Figure 9: The construction of S4 S4 in Bm(§^)/ ^ = 36. 



The group F possesses a unique subgroup O = {/i, . . . ,/i2} isomorphic to A4, where 
we take fi = Id. For i = 1, . . . , 12, let = fi{e), whose orientation is that induced by 
e = ei. For any two edges e' and e" of A, there are precisely two elements of F that 
send e' to e" (as non-oriented edges). One of these elements respects the orientation, 
and belongs to O, and the other reverses the orientation, and belongs to F\n. Thus 
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h e r\n and F = O ]J hCi since [F : O] = 2. Let Ci be a simple closed curve bounding 
a disc that is a small neighbourhood of the subsegment [pi, Pj-m+ii] of the edge e. Let 

gi be the positive Dehn twist along Ci. For i = 1, . . . , 12, let gi = // o gi o (resp. 
g'l = fiohogio °fi~^) be the positive Dehn twist along the simple closed curve {C\) 
(resp. fi o h{Ci)). Since the stabiliser of the edge e in F is (h), which is isomorphic to Z2, 
the condition on Ci implies that the fi{Ci) (resp. the /; o h{Ci)) are pairwise disjoint, 
and that fi{Ci) and fj oh{Ci) are disjoint if i 7^ We conclude that the gi (resp. the g-) 
commute pairwise, and that gj and g'j commute if i 7^ 

Let g = gi o ■ ■ ■ o gi2- If y e {1/ • • • / 12}, conjugation of g by fj permutes the gi, which 
commute pairwise, so g and fj commute, and thus g belongs to the centraliser of O. Let 

r' = gTg-\ By construction, F ^ F' ^ S4 and F n F' ^ O. Let f = Y(F), P = Y(F') 
and Q = Y(n). Then f ^ P ^ S4, O c f n P and O ^ A4. Let us show that H = 
(t u F'^ ^ S4 5f^A4 S4. To do so, by Proposition |23l it suffices to prove that H is infinite, 
and in light of the maximality of S4 as a finite subgroup of AiCQ (S^, n) |IStl, this comes 
down to showing that F 7^ F'. It is enough to prove that h' ^ F, where h' = Y(/z') e F', 
and h' = ghg~^. To achieve this, suppose on the contrary that h' e F. Let g = ^{g) and 
h = Y(/z). Since h e f, we have h'h~^ =76?, where 7 = Y(7) and 7 = [g, /z]. On the 
other hand, g is the product of Dehn twists, so ^ e VMCgiS^, n), thus 7 e VMCQ (S^, n) 
by normality of VMCg (S^, n) in A^C^ (§2, n), which implies that 7 e f n T^MC^? (S^, n). 
As we mentioned in the Introduction, VMCQ(S^,n) is torsion free, and the finiteness 
of F forces 7 = 1. In particular, if a : VMCg(S^, n) — > VMCQiS^A) is the projection 
induced by forgetting all of the marked points with the exception of pi,p^m+iy fm and 

fiiVi) (for example) then a (7) = 1. 

In order to reach a contradiction, we now analyse 7 more closely. Since O <i F, 
there exists a permutation A e S12 satisfying A(l) = 1 such that for all i e {!,..., 12}, 
foh = hof^iy Then 

h o gx{i) oh.-^ =ho f^i) ogio /-l^ o h-'^ =fohogio h-^ o = g'-. (72) 

Hence 

7=g- hg-^h-^ = o . . . o o {gi2 o • • • o gr^) h-^) 

= gi o ■ ■ • o gi2 o [g^l) o ■ ■ ■ o S\{i2)) ^~^) si^^^ the commute pairwise 
= gi o • • • o gi2 o g'r^ ° ■ ■ ■ ° S'i2^ hy equation (|72l) 

= (gi o g'^"^) o • • • o (gi2 o g'i2^) by the commutativity relations on gi and gy. 

Now for i = 1, ... ,12, the Dehn twists gi and g[ are along curves contained in a small 
neighbourhood of the subsegment [fi{pi),fi{pm)] of the edge of A, and since the ho- 
momorphism a forgets all of the marked points lying outside e with the exception of 
fiipi), we see that cc o Y(g,) and a o Y(g-) are trivial for all z = 2, . . . , 12. In particu- 
lar, a.{'y) = CL o Y(7) = [ol o Y(gi)) o [cl o Y(g^~^)). Taking the four marked points of 
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TIMC^(S^,4) in the given order, a. o Y(gi) (resp. a. o Y(g'^~^)) is a positive (resp. neg- 
ative) Dehn twist along a curve that bounds a disc containing the first two (resp. the 
second and third) points, and so a preimage of a (7) in P4(§^) under the homomorph- 
ism cp of equation (|TT|) is given by Ai 2 A^g, where the A, y are defined by equation ((62]). 
But this element belongs to the free subgroup 7ri(S^\{xi,X3,X4},X2) of Pii^'^) of rank 
two, for which a basis is {A12/ A2,3}. Thus Ai2A^3 is an element of P4(S^) of infin- 
ite order, and taking into account equation ((TTj) , we deduce that a.(j) = ^(Ai2A23) 
is also of infinite order, which contradicts the conclusion of the previous paragraph. 
Thus h' ^ f, and from the above arguments, we see that H ^ S4 ^f:^^^ S4. Taking 
G = B„(S^), X = and p = cp, cp being as in the short exact sequence (|TT|) , in Propos- 
ition |26l|b])(lill), we deduce that (p~^ (f f'^ is an infinite virtually cyclic subgroup of 
B„(§2) of Type II isomorphic to (p-i(f)*^_i^^^ (^-^(r). But (^-^(f) ^ (p~^{T') ^ O* and 

(p~^{f) n cp~^{f') = (p~^{Cl) ^ T*, so this subgroup is indeed isomorphic to O* ^j* O*, 
which proves the proposition. □ 



7 Proof of the realisation of elements of Y2{n) in B„(S^) 

In this section, we bring together the results of Section [6] in order to prove Proposi- 
tion [73l This will enable us to complete the proof of Theorem |5l 

Proposition 73. Let n ^ 4. The following Type II virtually cyclic groups are realised as 
subgroups ofBniS"^): 

(a) *Z2, ^4i?' '^he^s divides {n — i)/lfor some i e {0, 1, 2}. 

(b) Tj/^q ^^^^ Dic4^q, where q ^ 2 divides (n — i)/2for some i e {0,2}. 

(c) Dic/^d *Z2^ L)ic^, where q ^2 divides n — i strictly for some i e {0,2}. 

(d) Dic^cj *Dzc2<, C>zc4^j, where q ^ Ais even and divides n — ifor some i e {0, 2}. 

(e) O* 5i<7* O*, where n = 0,2 mod 6 and n =36 or n 42. 

Proof. Parts (taj-ddj follow directly from Theorem [TOl while part dej follows from Pro- 
position [ZH □ 

Proof of Theorem^ Theorem IHKl]) was proved in Propositions l45landl48]for virtually cyc- 
lic subgroups of Types I and II respectively. Theorem[5l|2l) was proved in Propositions [68l 
and|73]for virtually cyclic subgroups of Types I and II respectively. Finally, as we men- 
tioned in Remarks [63llb|) , the proof of Theorem is an immediate consequence of 
Proposition 162101). □ 



8 Isomorphism classes of virtually cyclic subgroups of 
B„(§2) of Type II 

By Theorem m we know which elements of V2('^) are realised as subgroups of B„(§^). 
Such subgroups are of one of the following forms: 



(a) Z4(j ^Zjci where qe'H. 

(b) *Z2, Dic4^, where q ^2. 

(c) Dic4g *Z2, Dic4<?/ where q ^2. 

(d) Dic4^ *Dic2, Dic4^, where q ^ Ais even. 

There are of course additional constraints on q imposed by the value of n. The aim of 
this section is to study the isomorphism classes of these amalgamated products. As we 
shall see in Proposition [TTl, there is a single such class, with the exception of Qi6 

for which there are two possible classes. In Corollary [76l we will also show that 
with one exception (that occurs for one of the two isomorphism classes Qig Qie)' 
each of the above amalgamated products of the form G is isomorphic to a semi- 
direct product Z X G. We stress that Proposition [TTl and Corollary [76l are consequences 
of the groups considered abstractly, and do not depend on the fact that they are realised 
as subgroups of Bn(S^). 

Let G be a group and H a normal subgroup. Let Aut/j (G) denote the subgroup of 
Aut (G) whose elements induce an automorphism of H. In some cases (if H is character- 
istic, for example), the two groups Aut (G) and Aut^j (G) coincide. We will concentrate 
our attention on the cases where G is either cyclic of order a multiple of 4, dicyclic, or 
equal to O*. These are precisely the groups that appear as factors in the above list. 

Lemma 74. 

(a) Let G be isomorphic to Z^, q ^ l,or to Dic/^q, q ^ 3. Then G possesses a unique subgroup 
H that is isomorphic to Z2q, which is characteristic. Further, the homomorphism Aut (G) — > 
Aut (H) given by restriction is surjective. 

(b) Let G be isomorphic to O*. Then G possesses a unique subgroup H isomorphic to T*, which 
is characteristic. Further, the homomorphism Aut (G) — > Aut (H) given by restriction is 
surjective. 

(c) Let G be isomorphic to Qg. Then G possesses three subgroups Hi, H2, H3 that are iso- 
morphic to Z4. Further, there is an automorphism of Qg that sends Hi to Hjfor all i, j = 1, 2, 3. 
For i = 1,2,3, the homomorphism Aut Hi (G) — > Aut (Hi) given by restriction is surjective. 

(d) Let G be isomorphic to Dic^, where q ^ 4is even. Then G possesses two subgroups Hi, H2 
that are isomorphic to Dic2q, and there exists an automorphism of G that sends Hi to H2. 
Further, if q ^ 6, for i = 1,2, the homomorphism Aut^i (G) — > Aut (Hi) given by restriction 
is surjective. 

Proof. 

(a) If G is cyclic then the uniqueness of H is clear. Now let G = Dic^q, q ^ 3. q is even 
(resp. odd) then G possesses three subgroups (resp. one subgroup) of index 2 because 
the Abelianisation of Dic4^j is isomorphic to Z2 Z2 (resp. Z2), and exactly one is iso- 
morphic to Z2q. In both the cyclic and dicyclic cases, the uniqueness of H implies that 
it is characteristic. The surjectivity of the given homomorphism Aut (G) — > Aut (H) 
is a consequence of the isomorphisms Aut (Z^^ ^ Z^^, the group of units of Z^q, and 

Aut (pic4q) ^ Z2q X Z2q (if Dic4^ is described by the presentation ^ then the elements 

of Aut (Dic4(j) are given by automorphisms of the form x > — > x\ y 1 — > x^y, where 
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1 ^ i ^ 2ij — 1 is coprime with 2q, and 1 ^ ; ^ 2q, see IIGoG3i Example 1.4] for more 
details). 

(b) Let G ^ O* be given by the presentation and let H = (P, Q,X> ^ T*. Then 
G/H ^ Z2 is the Abelianisation of G, generated by the H-coset of J^, and so r2(G) ^ H. 
If K is a subgroup of G isomorphic to T* then the canonical projection G — > G/K factors 
through the canonical projection G — > G/H, from which it follows that G possesses a 
unique subgroup isomorphic to T*. The surjectivity of Aut (G) — > Aut (H) was proved 
in [GoG3, Proposition 4.1]. 

(c) The first part is clear. Note that the automorphism a;(l) of Qg given in Defini- 
tion mtej© may be used to permute the H,. If i e {1,2,3} then the non-trivial element 
of Aut (Hi) ^ Z2 is the restriction to Hi of conjugation on G by any element of G\Hf. 

(d) Let G be isomorphic to Dic4^j, where q ^ A\s even, and let G have the presentation 
given by equation From part G possesses exactly two subgroups isomorphic 
to Dic2(j, = (yp-, x^~^yy for k = 1,2. The automorphism of G given by x < — > x and 
y I — > xy sends Hi to H2. Suppose further that q ^ 6, and let / g Aut (Hjt). Using 
the description of Aut (Dic2cj) given in the proof of part (taj, there exist 1 ^ i q — 1, 
gcd{i,q) = 1, and 1 ^ j q such that f{x^) = x^^ and f{x^~^y) = x^K x^~^y. Since q 
is even, i is odd, so ^cd(i,2q) = 1, and / is the restriction to H of the automorphism 
X I — > x\ y I — > x(i~0(''^~i)+2/i/ of G. Hence the homomorphism Aut^, (G) — > Aut (H;) 
is surjective. □ 

Remarks 75. 

(fl) In the case = 4 of LemmalME]), Aut (Qie) ^ Z4 x , while Aut (Qs) = S4, so the 
homomorphism Autgg (Qie) — ^ Aut (Qs) clearly cannot be surjective. 
(b) Note that Proposition [TT] depends only on the amalgamated products considered in 
an abstract sense, and does not use the fact that the groups are realised as subgroups of 

Bn(S2). 

We now come to the proof of Proposition [TTl 

Proof of Proposition [71] First suppose that Gi G2 is one of the amalgamated products 
(ta))-(te)) appearing in the above list, with the exception of the group Q16 Q15. Then 
for k = 1,2, there exist embeddings ij^ : F — > G]^ that give rise to the amalgamated 
product Gi G2. Suppose that there exists another amalgamated product Gi G2 
involving the same groups, and for k = 1,2, let /jt : F — > G]^ be the associated embed- 
dings. Let : ik(F) — > F denote the inverse of the restriction ij^: F — > 4(f)- Then 
jk ° '■ — ^ ik{P) is an isomorphism of subgroups of G^ isomorphic to f , and so 
by Lemma l74l there exists pj^ e Aut (Gjt) whose restriction to jk{F) is sent to ik{F), in 
other words, the upper left hand 'square' of the diagram given in Figure [TOl commutes, 
where all of the arrows from 4(f) ^rid jki^) to G^ are inclusions. Thus pj^ o o is 
an automorphism of ik{F), and so once more by Lemma [74l there exists Aj^ g Aut (Gjt) 
whose restriction to 4(f) is equal to p^^ o j]^ o i~^, in other words, the lower 'square' of 
the diagram commutes. Hence |0^^ o g Aut (G^), and the restriction of this auto- 
morphism to 4(f) yields the isomorphism jj^ o i~^ : 4(f) — ^ /^(f )• Taking 6 = p^^ o \^ 
and applying Proposition [271 we see that G\ G2 = Gi G2, which gives the result 
in this case. 
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Pk°]k°\ 



Figure 10: The commutative diagram involving the embeddings Zjt and 



We now turn to the exceptional case of Qig '^q^ Qie- We have already seen that 
Qi6 possesses two subgroups isomorphic to Qg, and that there exists an automorphism 
of Qi6 that sends one subgroup into the other. Applying Proposition |27] in a manner 
similar to that of the previous paragraph, it thus suffices to restrict our attention to one 
of these subgroups. It remains to understand the amalgamated products obtained by 
considering all possible embeddings of Qg whose image in each of the two copies of 
Qi6 is fixed. So let us consider the two copies of Qi6 of the form 



Gi 



x,y 



X =y ,yxy 



and G2 = (a,h 



a = h , hob 



respectively, and let Hi = (yp-, and H2 = (cP-, &) be their respective fixed subgroups 
isomorphic to Qg. Let f = (P, Q | = Q^, QPQ~^ = ) be an abstract copy of 
Qg. Up to isomorphism, every amalgamated product of Gi and G2 along f is obtained 
via an isomorphism between Hi and H2. This leads to twenty-four possibilities that 
we identify with the elements of Aut (F) ^ S4 without further comment (see case ^ 
of Section |Il3)) . Let 5 : F — > Hi be a fixed isomorphism, which we shall take to be 
defined by S{P) = x^ and S{Q) = y. Suppose that cp, cp': Hi — > H2 are isomorphisms 
that differ by the inner automorphism Lf^ of H2, where h e H2, and let Gi *f G2 and 
Gi ^'p G2 denote the respective amalgamated products. Then cp' = ifiO cp, and we have 
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the following commutative diagram: 

Gi 



Gi ^'p G2 




Gi *f G2, 



(73) 



where we also denote the extension of to G2 by Taking 61 = Idcj and 02 = in 
Proposition |27| leads to the conclusion that Gi G2 = Gj ^'p G2 if 9? and cp', considered 
as elements of Aut (f ), project to the same element of Out (F). So it suffices to con- 
sider the six following coset representatives of Out (F) in Aut (F) (recall from case (d) 
of Sectioning that Out (Qg) = S3): 



(p5 



a h, y 



b, X y I — > 

2 2 
■> a , X y H- 

■> b~^, x^y 



ah, 



(pi 

(p6 



X 



X 



X 



b, y 
2 

a , y 
h, y 



a h, X y H 

■> a h, X y 

-2 2 
a , X y H 



2 

a , 

^h-\ 
■a^h. 



(74) 



Let ^p e Aut (G2) be defined by a \ — > a, h 1 — > a^h. Then ^4 = i/? o (resp. ^5 = 1/70 ^2)- 
Consider the above diagram (|73l) , and replace 99 by ^1 (resp. 9^2)/ 9^' by ^4 (resp. ^5), 
and f;, by the automorphism of G2 given by a \ — > a, h 1 — > a^h. Applying Proposi- 
tion |27] implies that the two automorphisms (p\ (resp. ^2) arid ^4 (resp. ^5) give rise to 
isomorphic amalgamated products. If ^p' g Aut (G2) is defined by a \ — > a~^, h 1 — > a^h, 
then (p(, = ip' o ^3, and a similar argument shows that ^3 and (p(, also give rise to iso- 
morphic amalgamated products. Now let Gi G2 and Gi ^'^ G2 be the amalgamated 
products associated with cp2 and ^3 respectively. Let S' : F — > Hi be the isomorphism 
defined by ^'(P) = and S'{Q) = x^y, let Q\ e Aut (Gi) be defined by x 1 — > x~^, 
y I — > x^y, and let 62 e Aut (G2) be defined by a 1 — > a, h 1 — > a^h~^. Then the following 
diagram commutes: 



Gi *p G2 




Gi^F G2. 



So ^2 and ^3 give rise to isomorphic amalgamated products by Proposition |27| We 
conclude that there are at most two non-isomorphic amalgamated products of the form 
Kj = Gi ^F G2, defined by the automorphism cpi, where i e {1,2}. 

To complete the proof, we now prove that Ki ^ K2. We start by showing that Ki ^ 
Z X Q16/ where the action shall be defined presently. By definition. 



Xi = ( X, y, a, h 



y 



hah~ 



X 



y 



(75) 
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Let N be the infinite cyclic subgroup of Ki generated hy t = xa ^. Using the presenta- 
tion (|75|), one may check that 

~^ if u G {x,a} 
live {y, h], 



vtv ^ 



so N is normal in Ki. A presentation of the quotient K\/N is obtained by adjoining the 
relation x = aio that of Ki, from which it follows that 

Ki/N = (a,h = b^, hah'^ = fl-^^ ^ Qig. 

Considered as a subgroup of Ki, G2 = {a, b) is isomorphic to Q16, which implies that 
the short exact sequence 

1 — >N — >Ki — > Ki/N — > 1 
splits, and so ^ Z x Q^g. The action of Ki/N on N is defined as follows: 

wtw-' = \ /2u\ (76) 

To see that Ki ^ K2, let us suppose on the contrary that Ki ^ K2 and argue for a 
contradiction. By definition, 

K2 = <yX,y,a,b x^ = y^, = b^, yxy~^ = x~^, bab~^ = a~^, x^ = b, y = a^b^ . (77) 
From this presentation, we obtain: 

ax. x^. x~^a~^ = ax^a~^ = aba~^ = a^b = y, 

ax.y. x~^a~^ = ax^ya~^ = aba^ba~^ = = x^y 

2-1-1 2 2 
ax.x y.x a = yx y = x . 



So K2 possesses a copy (^x^, y^ of Qs and an element ax such that conjugation by ax 
permutes the subgroups {x^), (y) and {x^y) cyclically Since Ki ^ K2 by hypothesis, 
Ki thus possesses a subgroup H isomorphic to Qg and an element z (of infinite order) 
such that zLz~^ 9^ L for every subgroup L of H of order 4. We take Ki to be described by 
the semi-direct product Z x G2, where the action is given by equation (|76l) . In particular, 
Ki = (a,b,i), and there exist s,\,}i g Z such that z = fa^U^. Consider the projection 
p: Z X G2 — > G2 onto the second factor. Since Ker (p) = Z is torsion free, p(H) is 
isomorphic to Qg/ and thus must be equal to one of the two subgroups of G2 isomorphic 
to Qg- These two subgroups both contain a^, so there exists u e H of order 4 such that 
p(u) = a^. Now p(fl^) = a^, hence there exists m g Z such that u = t"^a^. But t commutes 
with a^ by equation (|76l) , and since u and fl^ are of finite order, and t is of infinite order, 
it follows that m = 0, u = a-^ and: 

zwz-i = fa^b^'a^b-^'^a-^r' = t'a^a^'a-^r' = a^\ 

where e is equal to 1 (resp. —1) if }i is even (resp. odd), and so z(u)z~^ = (u). This 
contradicts the fact that zLz~^ ^ L for every subgroup L of H of order 4, and completes 
the proof of the fact that Ki ^ K2. □ 
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Combining Proposition |20l and Lemma [741 yields an alternative description of most 
of the amalgamated products of the form G appearing in Proposition [73] as semi- 
direct products of Z by G. 

Corollary 76. Let T = G G be an amalgamated product, where G and H satisfy one of 
the following conditions: 

(a) G is isomorphic to Tj^ ot Dic^ and H is isomorphic to 7j2q- 

(b) G is isomorphic to Dic^q, q ^ 6is even and H is isomorphic to Dic2q. 

(c) q = 4, G ^ Qi6, H ^ Qg and T is isomorphic to Ki. 

(d) G is isomorphic to O* and H is isomorphic to T*. 

Then T ^ Z xi G, where 

't ifgeH 
ri ifgeG\R, 



t being a generator of the Z-factor. 

Proof First let G and H satisfy one of the conditions ® or dd). If zi,Z2 are the 
embeddings of H into each of the G-factors of F then Z2 o i:^^ is an automorphism of 
H that extends to an automorphism of G by Lemma [^ The result then follows from 
Proposition [20l Now suppose that G and H satisfy condition dcj. Since F is isomorphic 
to Ki, using the presentation (|75)), we see that the isomorphism — > (a'^,by of 
the amalgamating subgroup of K2 isomorphic to Qg that given by 1 — > a^ and y 1 — > b 
extends to an isomorphism (x, y) — > (a, b) of the factors that are isomorphic to Q16, 
where the extension is given by x 1 — > a and y 1 — > b. Once more. Proposition [20[ yields 
the result. □ 

The following two results will imply the existence of subgroups of B„ (S^) isomorphic 
to Ki and K2 for all but a finite number of even values of n. The first proposition holds 
in general, while the second makes use of the structure of B„(S^). 

Proposition 77. Let G be a group that is isomorphic to O* ^j* O*. Then G possesses a 
subgroup that is isomorphic to K2. 

Proof Suppose that G is isomorphic to O* ^j* O*. Let Gi, G2 be subgroups of G iso- 
morphic to O* such that f = Gi n G2 ^ T* and G = <Gi u G2> = O* ^^t* O*. Let Q 
be the unique subgroup of f ^ Qg >^ ^3 that is isomorphic to Qg. By Lemma [74l|b)), f 
is the unique subgroup of G, isomorphic to T* for i = 1, 2. From the proof of Proposi- 
tion [85l|b)l . if i e {1, 2}, the Sylow 2-subgroups of Gf consist of three conjugate subgroups 
isomorphic to Qig that contain Q. Let Hi be one of the Sylow 2-subgroups of Gi with 
presentation 

Hi = (a, b a^ = b^, bab~^ = a~^ ^ . 

Since the subgroups of Hi isomorphic to Qg are of the form (cp-,a'^by, e e {0,1}, by 
replacing b by ab if necessary in the presentation of Hi, we may suppose that Q = 
(a^, by. Now let H2 be a subgroup of G2 that is isomorphic to Q16. Since for i e {1,2}, 
Hj F, it follows that Hi n, H2 = Q and that Hi contains elements of Gf\F, whence H = 
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(Hi u H2) = Q16 ^Qg Qi6- The proof of Proposition [TT] implies that H is isomorphic 
to one of Ki and K2. H ^ K2 then we are done. So suppose that H ^ Ki. Then by 
equation (|75|) , there exist generators of H2 such that = y^, yxy~^ = x~^, = a^, 
y = b and Q = (^x^, y). Since Q is the unique subgroup of f that is isomorphic to Qg, 
there exists t e F such that tx^t~^ = y and tyt~^ = x^y corresponding to the action of 
Z3 on Qs. Now f cz G2, so iG2i"^ = G2. Let H'^ = tH2t-^ cz G2. Then x' = txt'^ 
and y' = tyt~^ are generators of Ho satisfying x'* = y'^ and y'x'y'~^ = x'~^. Now 
x'2 ^ tx^t~^ = y = b and y' = ^y^~ = x^y = a^b, and since Hi n H'2 = Q, it follows 
from equation (|77|) that ^Hi u H2) = as required. □ 

Proposition 78. Letn ^4 be even. 

(a) There exists a subgroup ofBn{S^) isomorphic to Ki. 

(b) Suppose that either n = mod 4 or n = 10 mod 12. There exists a subgroup ofBn{S'^) 
isomorphic to K2. 

Remark 79. Let n ^4 be even. Propositions [Til [ZZl and [78] imply that B„(S2) pos- 
sesses subgroups isomorphic to Ki and K2 with the possible exception of K2 when 
n e {6,14,18,26,30,38}. 



Proof of Proposition [ 

(a) Suppose that n ^ 4 is even, let z e {0,2} be such that 4 | n — i, and let m = {n — i)/4. 
In the construction of Q16 ^ Qie iri B„ (S^) given in part dd) of the proof of TheoremlTOl 
we have that Gi = (x, y) and G2 = (a, b), where x = a a = A^a ■'"A"^ and y = b = A„, 
where A,- = (r^ , icr^ , 1 . Since A,- commutes with a'^'", we have also that x^ = a^. So 

<Gi u G2) is isomorphic to Ki by equation (|75|) . 
We consider the two cases separately. 

(1) n = mod 4. Set Gi = <fl, where a = Kq^^ and = A„, let G2 = vG\v~^ , where 
V = 0iQ^^Ci2 is as in the proof of Proposition [60)ta)), and let x = vav~^ and y = vb~^v~^ 
be generators of G2. Then Gi ^ G2 = Qxe, and f = (cp-,by is isomorphic to Qg- Since 
vFv~^ = f by Proposition [60lla| , it follows that Gi n G2 3 f . Suppose that x e Gi. Since 
X is of order 8, there exists j e {1, 3, 5, 7} such that x = , and so x^ e ^o^q^^, ocq^^^^. On 
the other hand, using Lemma l59llfl) and equation (|T0|) , we have: 



2 w/4,"> «/2r->-l -w/4 m/4. -m/4 n/2. 2; /r7o\ 

X = 02^0' '^o ^ ^0 ^M^g ' = iXq' An = a b, (78) 

n r m/2 — m/2~1 

and so x does not belong to j aiq' , ag ' >, which gives a contradiction. We thus con- 
clude that X G\, and so Gi n G2 = f . Let K = (G\ u G2). By equation (|60l) , we have 



y = vfe-^v-i = vA-^-i = aj/^ = (79) 



Equations (|78l) and (|79|) correspond to the automorphism ^3 of equation (|74l), which 



using the proof of Proposition [TTl, will imply that K = K2 provided that K is indeed 
isomorphic to Q16 Qie- By Proposition l23l it thus suffices to show that K is infinite. 
To see this, we consider the following three cases. 
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(i) n = 4. Since the maximal finite subgroups of B4(S^) are isomorphic to Qi6 and T* 
by Theorem |2l the fact that Gi 7^ G2 implies that K is infinite. 

(ii) n = 8. Let 7 = a~^vav~^a e K. Then 

7 = ^-202^^0-^ = (r3(r4(r5(r3(r4cr3(r5-Vg"V5"V7V-V5-^ 

= ((^3(^4t^5f^3f^4(^5" Vg" Vg" Vg"^ )(75-l 

by equations (|23|) and (|5T1) . The braid 7 = (74(r3(75(74(r^^(rg"^(r7"^(r^^ is conjugate to 7, and 
its geometric representation is given in Figure [HI Forgetting the 2"^^, 4^^, 6^^ and 8*^ 




Figure 11: The braid 7 in B8(S^). 

strings of 7 yields the braid cr2cr^^ of B4(S^), which may be seen to be of infinite order 
using an argument similar to that of equation (|63l) . Hence 7 and 7 are of infinite order, 
and so K is infinite. 

(in) n ^ 12. Consider the element 7' = vflv. = A:g^^n2A;Q'^^n^^a^"'^^ e and let 

n/2 + 1 ^ i ^ 3n/4. Then 7r(ao/*)(i) = t - n/4, n{n2){t - n/4) = i - n/4 since i - n/4 ^ 

n/2, 7r(a:j/*)(i - n/4) = t - n/1, and 7r(Q2 - n/2) = t, so n{Y){t) = t. Further, 

71(7') (1) = n. Thus the cycle decomposition of 71(7') has at least n/4 ^ 3 fixed points, 
and at least one non-trivial cycle. Theorem [1] then implies that 7' is of infinite order, 
and so K is infinite. 

(2) n = 10 mod 12. Then 4 divides n — 2, and we may write n — 2 = 2^s, where r ^ 2 
and s e N is odd. Since n is even, B„(§^) possesses a subgroup L isomorphic to 
r* ^ Qg X Z3 by Theorem |2l The fact that the action by conjugation of the gen- 
erator of Z3 permutes cyclically the elements i,] and k of the subgroup Q of L iso- 
morphic to Qg implies that these elements are pairwise conjugate in L. On the other 
hand, by MGG5i Proposition 1.5], ^0:2, represents the unique conjugacy class of the 
group Q2r+2 in B„(S^), and it possesses two subgroups (oi2^,ls.n) and (a.^^ ,ci'2ls.n) iso- 
morphic to Q2'+i th^t contain respectively Fq = (^oc^ ^^,An^ and Fi = ^^,0:2 
which are subgroups isomorphic to Qg. The fact that n/2 and s are odd implies that 
7r(A„) = 71(0:2 ) = n — 1 mod 2(n — 1). In particular, 0.2' ^ and A„ are not conjugate, so 
Fo is neither conjugate to Fi nor to Q, and since B„(S^) possesses two conjugacy classes 
of subgroups isomorphic to Qg [GG5j, Proposition 1.5], we deduce that Fi and Q are 

conjugate. Set Gi = (a,b}, where a = Di'2 ^ and h = a'lAn- Then G\ is isomorphic to 
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Qi6, and it contains Ti = (a^,})y. Since B„(S-^) possesses two isomorphism classes of 
subgroups isomorphic to Qg, we deduce that I\ and Q are conjugate, and using the fact 
that Q is a subgroup of L, there exists an element z e B„ (§^) conjugate to an element of 
L\Q for which zfl^z"^ = b, zbz~^ = a^b and za^bz~^ = a^. Let G2 = zG\z~'^. From the 
action by conjugation of z on Fi, we have that Gi n G2 ^ Fi. Suppose that Gi = G2. 
Then zaz~'^ e G2, which is of order 8, would be equal to an element of order 8 of G\, 
and so would be of the form , j e {1,3,5,7}. Thus za^z~^ e which is not 

possible. This implies that Gi 7^ G2, and thus Gi n G2 = Fi. Let K = (Gi u G2). To see 
that K ^ Q16 ^Qg Q16/ by Proposition |23] it suffices to prove that K is infinite. Suppose 
on the contrary that K is finite, and let M be a finite maximal subgroup of Bn(S^) that 
contains K. Since K contains copies of Q16, M cannot be cyclic, nor can it be isomorphic 
to T* or 7* by Proposition [85l By the hypothesis on n, O* is not realised as a subgroup 
of B„(S^) by Theorem|2l so M ^ O*, and thus M ^ Dic4(„_2). Let u e M be an element 
of order 2(n — 2). Since Gi and G2 are subgroups of M isomorphic to Qie, they both 

contain the unique cyclic subgroup of M of order 8, but this contradicts the 

fact that Gi n G2 = Fi. So M ^ Dic4(„_2), and thus K is infinite by Theorem |2l Propos- 
ition |23] then implies that K ^ Q16 Qie- It remains to show that K ^ K2. This may 
be seen as follows. To see this, let x = zaz~^ and y = zbz~^ be generators of G2. Then 
= y^, yxy~^ = x~^, x^ = za^z~'^ = zcP-z~^ = b and y = zbz~^ = a^b. Equation (|77| 
implies that K ^ K2 as required. □ 



9 Classification of the virtually cyclic subgroups of the 
mapping class group AiCQi^'^, n) 

We apply Theorem |5] and Proposition [12] to deduce Theorem [HI which up to a fi- 
nite number of exceptions, yields the classification of the virtually cyclic subgroups 
oiMCg{S^,n). 



Proof of Theorem [HI Let n ^ 4. The homomorphism cp of the short exact sequence ((TT|) 
satisfies the hypothesis of Proposition W2\ with x = A^. Theorem [5] and Proposition 



then imply the result, using the fact that if a finite subgroup f of B„(S^) is isomorphic 
to 7jq (resp. Dic4m, Qs, T*, O*, I*) then ^(f ) is isomorphic to Zg/2 if q is even and to Tjq 
if q is odd (resp. is isomorphic to Dih2m/ ^2 ® ^2/ ^4/ S4, A5). Note that the only cases 
where the conditions given in Definition [4] on the order q oi F differ from those on the 
order q' of (p{F) given by Definition [13] is when F is cyclic, and correspond to cases ([a]) 
and ® of these definitions. To see that one does indeed obtain the given conditions in 
parts ([aj) and © of Definition JlSl suppose that q satisfies the corresponding conditions 
given in parts ([a)) and © of Definition]!] In particular, q is a strict divisor of 2(n — i), 
and q^n — i if n — i is odd. If q is even then q' = q/2, and q' is a strict divisor of n — i. 
So suppose that q is odd, in which case q' = q and q' divides n — i. Clearly, iin — i is 
even then q' ^ n — i. On the other hand, iin — i is odd then q ^ n — i. In both cases it 
follows once more that q' is a strict divisor of n — /, which yields the condition on the 
order of the finite cyclic factor in parts ([a]) and © of Definition ]13] □ 
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One may ask a similar question to that of Section IIII8I concerning the isomorphism 
classes of the amalgamated products that are realised as subgroups of J^CQ{S^,n). 
From Definition [13] and Theorem [HI these subgroups are of the form: 

(a) 'L2q ^Zci '^iqr where q divides (n — i)/2 for some i e {0, 1, 2}. 

(b) 7j2q ^Zci Dih2(j, where q ^2 divides (n — i)/2 for some i e {0,2}. 

(c) Vih2q ^Zc, Dih2(j, where q ^2 divides n — i strictly for some i e {0,2}. 

(d) Dih2^ *Dihq Dih2g, where q ^ Ais even and divides n — i for some i e {0,2}. 

(e) S4 S4, where n = 0, 2 mod 6. 

A key element in the analysis of the isomorphism classes of the amalgamated products 
that are realised as subgroups of B„(S^) was the use of Lemma [74l This may be gener- 
alised as follows to the groups that appear as factors in the above list. 

Lemma 80. Let G' be a group isomorphic to 7j2q, q ^ 1 (resp. to Dih2q, q ^ 2, to S4), let G 
be a group isomorphic to Jj^^q, q ^ 1 (resp. to Dic^, q ^ 2, to O*), and let cp: G — > G' be the 
canonical homomorphism, where we identify G' with the quotient of G by its unique subgroup 
K of order 2. Let H' be a subgroup of G' of index 2, non isomorphic to Z2 ©Z2 if G' ^ Dih%. 
Then the homomorphism Autui (G') — > Aut (H') given by restriction is surjective. 

Proof Let H = (p~^{H'). Then H is of index 2 in G, and if G ^ Q16 then H ^ Qg- Let 
01' e Aut (H'). We must show that there exists an automorphism of G' that leaves H' 
invariant, and whose restriction to H' is equal to a' . Note that: 

(a) if G' ^ 7j2q, ^ 1, then G ^ Z^q, H' ^ Zq and H ^ 'Z2q. 

(b) if G' ^ Dih2^, q ^ 2 then G ^ Dic4g. If q is odd then H' ^ Zq and H ^ Z2q. If q 
is even then H' is isomorphic to Zq or to Dih^^, and H is isomorphic to Z2q or to Dic2g 
respectively. 

(c) if G ^ O* then G' ^ S4, H' ^ A4 and H ^ T*. 

The kernel of ^ | h : H — > H' is that of cp, equal to K. Since K is characteristic in G 
(resp. H), for each automorphism / g Aut (G) (resp. / g Aut (H)), there exists a unique 
automorphism /' g Aut (G') (resp. /' g Aut (H')) such that cp o f = f'ocp, and the 
correspondence / 1 — > f gives rise to a homomorphism O : Aut (G) — > Aut (G') (resp. 
O : Aut (H) — > Aut (H')) satisfying ^(f) o cp = cp o f (resp. 0(/) ocp = cpof). 

Let r and r' denote the restriction homomorphisms Aut^f (G) — > Aut (H) and 
Autff/ (G') — > Aut {H') respectively, and let l and l' denote the inclusions Autfj (G) — > 
Aut (G) and Aut^f/ (G') — > Aut (G') respectively. Then we have the following commut- 
ative diagram: 

Aut (G) AutH (G) Aut (H) 

$ (80) 



Aut (G') AutH' (G') Aut (H') 

Note that the restriction of O to Autn (G) is well defined. Indeed, let / g Aut^f (G), and 
let h' G H'. Then there exists h e H such that (p{h) = h' , and 

^{f){h') = 0(/) o = (pof{}i) G H, since /(/z) g H. 
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We claim that for the groups H, H' described in ©-de]) above, O is surjective. If H ^ Z2q, 
which covers case (ja)) above and part of case ©, Aut (H) ^ 7j2^, Aut (H') ^ Z^, and if 
a' e Aut (H') is given by multiplication by where 1 ^ j ^ q — 1, gcd (j,q) = 1, then 
0(a) = a', where a e Aut (H) is given by multiplication by / + eq, where e = if / is 
odd, and e = 1 if / is even. Let us now consider the remaining part of case (jbj where q 
is even, H = Dic2<^ and H' = Dih^. Let H admit the presentation 

H = (x,y x^/^ = y^, yxy~^ = x~^ 

and let x = <p{x) and y = (p{y), so that 

H' = (x,y = y^ = 1, yxy~^ = x"^ ) . 



Any automorphism oc' of H' is given by x i — > x^, y i — > x*^y, where 1 ^ ; ^ — 1, 
gcd (j,q/2) = 1 and ^ k ^ — 1. The presentation of H implies that the map 
a. : H — > H given by x i — > x^"'"'^'?/^, y i — > x^y, where e = if ; is odd, and e = 1 if ; 
is even, is an automorphism. Further, <l>(a)(x) = (p{a(x)) = x^ = a'(x), and 0(a) (y) = 
(p{a{y)) = x^y = a'(y), which proves the surjectivity of O in this case. Finally, in case (jcj, 
the result is a consequence of IIGoG3i Theorem 3.3] 



It just remains to show that r' is surjective. By the commutative diagram (|80|) , this 
follows from the surjectivity of O, and that of r, which is a consequence of Lemma O 

□ 

In principle, if we are given finite groups H, Gi, G2, where H is an index 2 subgroup 
of both Gi and G2, there may be various non-isomorphic amalgamated products of the 
form Gi G2. As for B„ (S^), such a situation occurs exceptionally in M.CQ (S^, n), and 
we obtain a similar result to that of Proposition [TT] for the virtually cyclic subgroups of 
MCg{S^,n) of Type IL 

Proposition SI. Let n ^4 he even. 

(a) Let H[, H'^ he suhgroups of M.CQ (S^, n) that are hoth isomorphic to one of the amalgamated 
products given in @-(tll) ahove, with the exception ofDihg D/Zzg. Then H[ ^ 
(h) Let H' he a suhgroup of M.CQ{§>^,n) that is isomorphic to an amalgamated product of the 
form Dihg -^oihi L)ihg. Then H' is isomorphic to exactly one of the following two groups: 

K\ = (x,y,a,h x^ =y^ = a^ = h^ = 1, yxy~^ = x~^, hah~^ = a~^, = a^,y = h^ , 

(81) 

and 

K'2 = /x,y,a,h x'^ = y^ = a^ = h^ = 1, yxy~^ = x~^, hah~^ = a~^, x^ = h, y = a^h 



(82) 

Remark 82. One may mimic the proof of Proposition [TT] to obtain an analogous res- 
ult for the amalgamated products given in ©-([e]) above, that is, abstractly there is a 
single isomorphism class, with the exception of Dihg "^Yy^^ Dihg, for which there are 
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two isomorphism classes, for which K[ and K'2 are representatives. However, using 
Proposition [TTl we shall give an alternative proof in the case that interests us, where the 
groups in question are realised as subgroups of AiCQ (S^, n). 



Proof of Proposition [gll Consider one of the amalgamated products given in the list 
(tej above, and suppose that n ^ 4 is such that this amalgamated product is realised 
as a subgroup G[ G'2 of M.CQ{S^,n), where G'yG'2 and f are finite subgroups of 
MCg{S^,n), and [G[: f] = 2 for i = 1,2. Taking G = B„(S2), G' = MCg{S^,n), 
X = and p = cp in the statement of Proposition |26l where cp is the homomorph- 
ism of equation (|TT]) , we have that (p~^{G[) cp~^{G2) is a subgroup of B„(S^) 

by part ©(jn]) of that proposition. We claim that the number of isomorphism classes 
of subgroups of B„(S^) that are isomorphic to an amalgamated product of the form 
cp~^{G[) ^"^(Gj) (which are the amalgamated products ©-([e]) that appear at 

the beginning of Section IIII8[) is greater than or equal to the number of isomorphism 
classes of subgroups of M.CQ (S^, n) that are isomorphic to an amalgamated product of 
the form G[ :^pi G'2. To prove the claim, let H'y H'2 be subgroups of MCQ n) that may 
be written in the form G[ -^pi G'2, and for i = 1, 2, let Hj = cp~^ (W-). From above. Hi and 
H2 are subgroups of B„(§^) that may be written in the form cp~^(G'-^) ^^-i^p,^ ^"^(Gj). 
If they are isomorphic then = p{Hi) and H2 = p(H2) are isomorphic by Proposi- 
tion|26lfc|), which proves the claim. If G^ ^pi G'2 ^ Dihg :f:Dih4 Dihg then cp~^{G'-^) 
95"^ (G2) ^ Q16 *Qg Qi6> ^rid combining the claim with Proposition [TT] implies that 
AiCQ{S'^,n) possesses a single isomorphism class of subgroups that are isomorphic to 
amalgamated products of the form G^ ^p/ G'2, which proves part ([a]) of the proposition. 
Similarly, if G^ ^p^ G'2 ^ Dihg *Dih4 Dihg then ^"^G^) *<p-i(p) ^"^^2) = Q16 ^Qg 2i6/ 
and A4CQ{EP-,n) possesses at most two isomorphism class of subgroups that are iso- 
morphic to amalgamated products of the form Dihg ^j^oih^ Dihg, and these isomorphism 
classes are represented by subgroups of A^C^(§^, n) that are isomorphic to K'-^ and K'2. 
To complete the proof of part © of the proposition, it thus suffices to show that K'-^ ^ K'2. 
Taking K'-^ and K'2 to be presented by equations (|8T|) and (|82l) respectively, following the 
proof of Proposition [TTIfrom equation (|75l) onwards, and letting N' be the infinite cyclic 
subgroup of K'-^ generated by ^ = xa~^, we see that N' is normal in K'-^, 



K'^/N' = (a,b 



= h^ = 1, hah-^ = a'' ) ^ Dihg, 



and K'-^ = (f) x Dihg, where the action of K'-^/N' on N' is given by equation (|76l) , G2 being 
in this case the subgroup (a, h) of K'-^. The rest of the proof of Proposition ITT] then goes 
through, where Qg is replaced by Z2 © Z2, and the subgroups L of H are now of order 
2. We conclude that K'^ ^ K'2 as required. □ 
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We thus obtain the following result on the existence of subgroups of AiCQ n) 
isomorphic to K[ and 

Proposition 83. Letn ^4 be even. 

(a) There exists a subgroup of AiCQ n) isomorphic to K^. 

(b) Suppose that either n =0 mod 4 orn = 10 mod 12 and n ^ {6, 14, 18, 26, 30, 38}. There 
exists a subgroup of AiCQ (§^, n) isomorphic to K'2. 



Proof. Let n be even, and let <p be the homomorphism of equation (|1T|). If n 5; 4 (resp. 
n # 4 mod 12 and n ^ {6,14,18,26,30,38}) then Proposition [78] and Remark [71 imply 
that B„(S^) possesses a subgroup H that is isomorphic to Ki (resp. K2). The present- 
ations of K\ and (resp. K2 and given by equations (|75|) and (HD (resp. equa- 
tions (|77|) and (|82|) ) imply that ^(H) is isomorphic to (resp. to K'^). □ 



Remark 84. As in the case of BniS^), we do not know whether AiCQ{S^,n) possesses 
a subgroup isomorphic to Kl^iin e {6, 14, 18, 26, 30, 38}. 
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Appendix: The subgroups of the 
binary polyhedral groups 



In this Appendix, we derive the structure of the subgroups of the binary polyhedral 
groups T*, O*, I* that we refer to in the main body of the manuscript. More information 
on these groups may be found in | | AMI ICoxl ICMi IThC| . 



Proposition 85. 

(a) The proper subgroups of the binary tetrahedral group T* are {e}, Z2, Z3, Z4, and Qg. Its 
maximal subgroups are isomorphic to Z5 or Q^, its maximal cyclic subgroups are isomorphic to 
Z4 or Zg, and its non-trivial normal subgroups are isomorphic to Z2 or Qg- 

(b) The proper subgroups of the binary octahedral group O* are isomorphic to {e}, Z2, Z3, Z4, 
Z6, Zg, Qg, Dic\2, Q16 or T*. Its maximal subgroups are isomorphic to Dicn, Qie or T*, its 
maximal cyclic subgroups are isomorphic to Z4, Zg or Zg, and its non-trivial normal subgroups 
are isomorphic to Z2, Qg or T*. 

(c) The proper subgroups of the binary icosahedral group I* are isomorphic to {e}, Z2, Z3, Z4, 
Z5, Z6, Qg, Zio, Dic\2r Dic2o or T*, its maximal subgroups are isomorphic to Dic\2r Dic2o or 
T*, its maximal cyclic subgroups are isomorphic to Z4, Zg or Zio, and it has a unique non-trivial 
normal subgroup, isomorphic to Z2. 

Proof. Recall first that if G is a binary polyhedral group, it is periodic [AM] and has 
a unique element of order 2 that generates Z(G). By periodicity, the group G satisfies 
the p^-condition (if p is prime and divides the order of G then G has no subgroup 
isomorphic to Zp x Zp), which implies that every Sylow p-subgroup of G is cyclic or 
generalised quaternion, as well as the 2p-condition (each subgroup of order Ip is cyc- 
lic). 

(a) Consider first the binary tetrahedral group T*. It is isomorphic to Qg x Z3. Using 



the presentation given by equation (|T3l) , one may check that r*\Qg consists of the eight 
elements of 



[s-iXJ I e {-1,1} and S e {1,P,Q,PQ}}, 



and of the eight elements of order 6 which are obtained from those of order 3 by mul- 
tiplying by the unique (central) element of order 2. The proper non- trivial subgroups 
of T* are isomorphic to Z2, Z3, Z4, Z5 and Qg. The fact that T* has a unique element 
of order 2 rules out the existence of subgroups isomorphic to S3. Since Qg is a Sylow 
2-subgroup of T*, Zg cannot be a subgroup of T*. Further, since T* /Z{T*) ^ A4, the 
quotient by Z(T*) of any order 12 subgroup of T* would be a subgroup of A4 of order 6, 
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which is impossible. Also, any copy of Z3 (resp. Z4) is contained in a copy of (resp. 
Qs). The maximal subgroups of T* are thus isomorphic to Z5 or Qg, and its maximal 
cyclic subgroups are isomorphic to Z4 or Zg. Among these possible subgroups, it is 
straightforward to check that the normal non-trivial subgroups are those isomorphic to 
Z2 or Qg- 

(b) Consider the binary octahedral group O*, with presentation given by equation (|28l) . 
Recall from Lemma [74l|b|) that (P, Q, X) is the unique subgroup of O* isomorphic to T*. 
The twenty-four elements of 0*\T* are comprised of twelve elements of order 4 and 
twelve of order 8. Under the canonical projection onto 0*/Z(0*) = S4, these elements 
are sent to the six transpositions and the six 4-cycles of S4 respectively The squares of 
the elements of order 8 are the elements of T* of order 4. Consequently, the elements 
of 0*\T* of order 4 generate maximal cyclic subgroups. Thus O* has three subgroups 
isomorphic to Zg. The Sylow 2-subgroups are copies of Qig, and since each copy of 
Zg is contained in a copy of Q16 and each copy of Qig contains a unique copy of Zg, 
it follows from Sylow's Theorems that O* possesses exactly three (maximal and non- 
normal) copies of Q16, and that the subgroups of O* of order 8 are isomorphic to Zg or 
Qs- 

It remains to determine the subgroups of order 12. Under the projection onto the 
quotient 0*/Z(0*), such a subgroup would be sent to a subgroup of S4 of order 6, so 
is the inverse image under this projection of a copy of S3, isomorphic to Dici2. It is not 
normal because the subgroups of S4 isomorphic to S3 are not normal. Further it cannot 
be a subgroup of (P, Q, X) since projection onto 0*/Z(0*) would imply that the image 
of (P, Q, X), which is isomorphic to A4, would have a subgroup of order 6, which is 
impossible. We thus obtain the isomorphism classes of the subgroups of O* given in 
the statement, as well as the isomorphism classes of the maximal and maximal cyclic 
subgroups. 

We now determine the normal subgroups of O*. As we already mentioned, the 
subgroups of O* isomorphic to Dici2 or Qig are not normal, and the fact that each of 
the three cyclic subgroups of order 8 belongs to a single copy of Q16 implies that these 
subgroups are not normal in O*. Clearly Z(0*) ^ Z2 and <P, Q, X) ^ T* are normal 
in O*. Since T* is normal in O* and possesses a unique copy <P, Q) of Qg, this copy of 
Qg is normal in O*. The subgroups isomorphic to Z3 or Zg are not normal because they 
are contained in (P, Q, X) and are not normal there. The same is true for the subgroups 
isomorphic to Z4 and lying in (P, Q, X). Finally, under the canonical projection onto 
0*/Z(0*), any subgroup of order 4 generated by an element 0*\T* is sent to subgroup 
of S4 generated by a transposition, so cannot be normal in O*. This yields the list of 
isomorphism classes of normal subgroups of O*. 

(c) Finally, consider the binary icosahedral group I* of order 120. It is well known 
that 7* admits the presentation ^S, T | (ST)^ = = T^y, is isomorphic to the group 
SL2(F5), and 7*/Z(7*) = A5. The group I* has thirty elements of order 4 (which project 
to the fifteen elements of A5 of order 2), twenty elements each of order 3 and 6 (which 
project to the twenty 3-cycles of A5), and twenty-four elements each of order 5 and 10 
(which project to the twenty-four 5-cycles of A5). Its proper subgroups of order less 
than or equal to 10 are Z2, Z3, Z4, Z5, Z5, Qg and Ziq. The only difficulty here is the 
case of order 8 subgroups: I* has no element of order 8 since under the projection onto 
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I*/Z{I*), such an element would project onto an element of A5 of order 4, which is not 
possible. Since I* possesses a unique element of order 2, the Sylow 2-subgroups of I*', 
which are of order 8, are isomorphic to Qg. Any subgroup of order 15 or 30 (resp. 60) 
would project to a subgroup of A5 of order 15 (resp. 30), which is not possible either. 
Note that I* has no element of order 12 (resp. 20) since such an element would project to 
one of order 6 (resp. 10) in A5. Since I* has a unique element of order 2, any subgroup of 
order 12 (resp. 20) must thus be isomorphic to Dici2 (resp. Dic2o) using the classification 
of the groups of these orders up to isomorphism. Such a subgroup exists by taking the 
inverse image of the projection of any subgroup of A5 isomorphic to Dihg (resp. Dihio). 

Any subgroup of 7* of order 24 projects to a subgroup of A5 of order 12, which must 
be a copy of A4. Hence any subgroup of A5 of order 12, which is isomorphic to A4, lifts 
to a subgroup of J* isomorphic to T*. So any subgroup of I* of order 24 is isomorphic 
to T*, and such a subgroup exists. 

Let G be a subgroup of I* of order 40, and let G' be its projection in 7*/Z(J*). Then 
G' is of order 20, and the Sylow 5-subgroup K of G' is normal. Now G' has no element 
of order 4 since 7* has no element of order 8, so G'/K ~ Z2 © Z2. We thus have a short 
exact sequence: 

1 — ^ Z5 — >G' — ^ Z2 © Z2 — ^ 1 

which splits since the kernel and the quotient have coprime orders P McLl Theorem 10.5]. 
Since Aut(Z5) = Z4, the action of any non- trivial element of Z2 © Z2 on Z5 must be mul- 
tiplication by — 1 (it could not be the identity, for otherwise A5 would have an element of 
order 10, which is impossible), but this is not compatible with the structure of Z2 © Z2. 
Hence 7* has no subgroup of order 40. We thus obtain the list of subgroups of 7* given 
in the statement. The cyclic subgroups of order 3 and 5 of 7* are contained in the cyclic 
subgroups of order 6 and 10 respectively obtained by multiplying a generator by the 
central element of order 2. Thus the maximal cyclic subgroups of 7* are isomorphic to 
Z4, Zg or ZiQ. 

We now consider the maximal subgroups. Clearly, any subgroup of 7* isomorphic 
to Dici2 or T* is maximal. Further, since T* has no subgroup of order 12, any subgroup 
of 7* isomorphic to Dici2 is also maximal. The subgroups of 7* isomorphic to Qg are 
its Sylow 2-subgroups, so are conjugate, and since one of these subgroups is contained 
in a copy of T*, the same is true for any such subgroup. Thus the subgroups of 7* 
isomorphic to Qg are not maximal. Replacing Qg by Z3 (resp. Qg by Z5 and T* by 
Dic2o) ^rid applying a similar argument shows that the subgroups of 7* isomorphic to 
Z5 (resp. Zio) are not maximal either. This yields the list of the isomorphism classes 
of the maximal subgroups of 7* given in the statement. Finally, since A5 is simple, the 
only non-trivial normal subgroup of 7* is its unique subgroup of order 2. □ 
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